MA103 - Class 5

1 Let R be an equivalence relation on a set S. Prove that the following properties hold.
(a) Forallx,y € Swehave xRy <= [x| = [y].

(b) Forall x,y € Swehave xRy <= [x|N[y] = .
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2 In lectures, we gave a construction for the rational numbers. This started by looking at the
set S of all pairs of the form (a,b), witha,b € Z and b # 0, and then considering the relation
QonS =2Zx (Z)\ {0}) defined by:

(a,b)Q(c,d) ifandonlyif ad=bc.
(a) Explain why things would go badly wrong if we allow S to include pairs (a,b) with
b=0.

(Hint: the answer does not involve ‘division by zero’.)

We defined the set Q to be the set of equivalence classes of the relation Q, and defined an “ad-
dition” operation on Q by setting [(a,b)] @ [(e, f)] = [(af + be, bf)], for each (a,b), (e, f) € S.
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(b) Suppose that (a,b), (c,d) and (e, f) are in S, and that (a,b)Q(c, d). Show that
(af +be,bf)Q(cf +de,df).

Your answer should only talk about operations with integers. If your answer involves
writing any fractions at any stage, it is wrong.

Use this to show that if (r,5)Q(t,u) and (v, w)Q(x,y), then

[(s)] @ [(v,w)] = [(£,u)] & [(x,y)].-

(This means that the addition operation defined on Q is well-defined.)
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