MA210 - Class 4

17. (a) Suppose we roll a six-sided die (English: one die, many dice... even if not all native
speakers know this). Let d,, be the number of possible ways to roll a die so that the
outcome is n.

Explain why the generating function of the sequence dy, d;, ... is given by
flx) = z+ 2%+ 2° + 2 + 2% + 25,

(b

~—

Suppose that we roll four (distinguishable) dice. Let a,, be the number of throws such
that the sum of outcomes is equal to n.

Explain why the generating function of the sequence ag, ay, ... is given by
g(z) = (z+2* + 2%+ 2 +2° 4+ 2%

(¢) Now let b, be the number of throws with any number of (distinguishable) dice such
that the sum of outcomes is equal to n.

Explain why the generating function of the sequence by, by, ... is given by
o0
h(z) = Z(x + 2% 4+ 2% + 2t + 2° + %)™
n=0

Prove that h(z) = (1 —z — 22 — 2% — 2 — 2° — 25)~1.
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18. The British coin system has 1p, 2p, 5p, 10p, 20p, 50p, £1 = 100p, and £2 = 200p coins.

(a) Let a, count the number of different ways that you can pay a sum of n pennies with
10p coins.

Find the generating function of the sequence ag, a,,....

(b) Let b, count the number of different ways that you can pay a sum of n pennies with
1p and 2p coins.
Find the generating function of the sequence by, by, . .. and determine the closed formula

for b,,.

{{'\ I,Pf - ecomnt fhp mnnhpr (\f diﬂ}!rpnf wavs rh}lf vNm fan nav a Qnam ﬂf n nennies



B Tl

\¥) Aevu gy asasan vass astessassaca s sassavaaav s e vammw

Find the generating function of the sequence ¢y, ¢y, .. ..
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A binary tree is something that is important in computer science (and algorithms in
general).

This is an object that you can create as follows. First, draw a dot (which we call a vertez
on the paper. Then apply the following procedure as often as you like.

Pick a vertex with no lines coming down from it, and draw either a line (which we call
an edge) going down to a new vertex on the left, or going down to a new vertex on the right,
or both. We call the first vertex the root. Each vertex other than the root has an edge to
exactly one vertex above it, its parent, and zero, one or two vertices below it, its children.

Here are two examples. J l
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These two binary trees are different

the root’s right child has only a left child in the
first example, and only a right child in the the second.

Let C,, be the number of n-vertex binary trees.It’s convenient to define Cp = 1
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