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ABSTRACT. The last two decades have witnessed a growing trend towards proving sparse
random analogues of combinatorial theorems. One unified approach to proving such theo-
rems, formalised by Conlon and Gowers, involves establishing a ’transference principle’ which
allows one to translate between robust properties in the dense setting to the sparse random
setting, provided the density is not too small. Our results extend the previous literature by
generalising a transference theorem of Conlon and Gowers to counting (hyper)graphs which
are not necessarily strictly balanced; we obtain an asymptotically optimal probability of
success and use our result to prove a counting lemma for hypergraphs in the sparse regime.

1. INTRODUCTION

Extremal combinatorics is the branch of discrete mathematics dealing with finding condi-
tions that force the existence of specified substructures. A rich area of study which focuses on
finding density conditions that guarantee that a subset of a complete set contains a specific
structure.

Our goal in this work is to formalise and extend the Transference Principle, which is a
method that can be traced back to the seminal paper of Green and Tao [10] and that was then
further developed by Conlon and Gowers [4].

Intuitively, the transference principle is a method that allows to translate “robust” counting
results that are known in the dense regime to a random sparse regime. Let us see an example.

For graphs H and G, let us denote by ¢(H, G) the number of copies of H in G. Moreover,
let mo(H) = maxgc g, m|>3 % For any graph H, Erdés-Stone-Simonovits’ Theorem |8,
7| guarantees that for any € > 0 there is N large enough such that any subgraph F' of Ky
with at least (1 — W + 0(1)) (g) edges contains a copy of H. This result is “robust”, by

which we mean that any subgraph of K with at least (1 — ﬁ —1—5) (g/) contains Q(N“(H))
copies of H, as proved by Erdds and Simonovits [9] (see also [13] for a survey on the topic).

Now that we have an example of a robust counting result that is known in the dense regime,
let us see how we can translate it to a sparse random regime. In this variation, we are interested
in finding copies of H in subgraphs of G, , the random graph over N vertices where each
edge is selected independently with probability py.

What the transference principle allows us to do is to reduce a counting in the sparse random
regime to a counting in the dense regime. That is, the transference principle allows us to count
the copies of H in a subgraph Y of Gy, by counting the copies of H in a dense model Z of
our subgraph Y of the random graph.

The formal translation from the sparse random regime to the dense regime (which is a
special case of our general transference principle) is as follows.

1
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Theorem 1. Let H be a fixed graph and € > 0. Then there exists a constant C' > 0 such
that the following holds. Suppose that py > CN—Ym2H) = gnd let nn be the probability that
the number of copies of H in G = G p, exceeds (1 + %)p%H)N”(H). Then with probability at
least 1 — ny, for every subgraph Y C G there exists a graph Z on V(G) that satisfies:

e(V)py' =e(Z) £eN?  and  o(H,Y)py'"™) = ¢(H, Z) £ eNVU)

This result allows us to do counting in the following way. Let us fix a graph H. Let us
consider py > CN-Ym2(H) and let Y be a subset of G = GNpy With at least (1 — m +

E) PN (];) edges. By Theorem 1, applied with the right parameter ¢ = ¢/, we can find a good

model Z of Y. Which means we can find a subgraph Z of Ky with at least (1 — W +é ) (];[)
edges and such that the number of copies of H in Y is (up to rescaling) the number of copies

of H in Z. In particular, Erdés and Simonovits’ result [9] gives us that Z contains Q(NV())

copies of H, which guarantees that Y contains Q(N v(H )p%H)) copies of H, which is a positive
proportion of the expected number of copies of H in G p, -

Let us now see that the condition py > CN~V/"2(H) is somehow optimal.

Let us take in consideration the graph H over four vertices consisting of a triangle and a pen-
dant edge attached to it (i.e. the graph with vertex set {1,2, 3,4} and edge set {12,23,13,14}).
We first point out that C N~Y/™2(H) ig optimal here. Indeed, G = G Npy is a graph with ap-
proximately pyN? many edges and with about N v(H)pe(H) — N4pt copies of H. This means

that if N 4p‘}v < pnN?, we can remove only a small fraction of the edges (one per each copy of
_w(H)-2
H) and remove all the copies of H contained in G. Therefore, we must have py > N «(H)-1,

i.e. py > N~2/3. However, notice also that in order to remove all copies of H in G, an adver-
sary could try and delete all the triangles T" of G' by removing one edge per each triangle. The
expected number of triangles in G is N3p? and this needs to be much larger than the number
of edges of G. And therefore we must have py > N~'/2, which explains the requirement
PN > CON—-1/m2(H)

We also have that our “success probability” 1 —ny is optimal, but we postpone to the proof
of the theorem to see the details.

2. A GENERAL TRANSFERENCE PRINCIPLE AND ITS APPLICATIONS

We mentioned that our interest is to generalise and extend the transference principle. We
start by seeing how we can translate Theorem 1 in a more abstract setting. We are then going
to state and prove an extended version of this translation.

The main idea here is that we can formulate Theorem 1 as a statement about the set of
edges of K. That is, we can consider n = (g), and arbitrarily define a bijection between [n]
and the set of edges of K. Once we have done that, we can define the hypergraph S of all
copies of H in [n]. By construction, S is a subset of (}) (we have k = 4 as H has 4 edges), and
has size of the order of N*(#). Counting copies of H in G is the same as counting elements of
S contained in [n]p, .

Notice a similar procedure can also be done for counting copies of an r-uniform hypergraph
(we would just need to consider n = (]X))

Given a set [n], a uniform hypergraph S, and a subset Y of the random set [n],, (for
appropriate values of py), our general transference principle allows us to find a dense model
Z of Y such that the number of elements of S in Y is (up to scaling) close to the number of
elements of S in Z.
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Actually, our transference principle allows for a further layer of generality, for which we need
additional notation. We now introduce the necessary notation and state the general version
of our transference principle.

Given positive integers n, k > 2, a k-uniform ordered hypergraph S of size n is a k-uniform
hypergraph on [n] with an order associated to each of its edges. That is, each edge of a k-
uniform ordered hypergraph is an (ordered) sequence of length k of elements of [n]. Given
x € [n] and i € [k], we write S;(x) for the subset of S consisting of all edges whose i-th entry is
x. Given such an hypergraph S, and a sequence x of length k of elements of [n]U{x}, we write
degg(x) for the number of edges of S which agree with x at all positions which do not equal
x. That is, those entries equalling * are allowed to vary, while the others are fixed to the value
they have in x. For ¢ a positive integer, we write Ay(S) for the maximum value of degg(x)
over all sequences x with exactly ¢ entries not equal to *. This is the standard codegree in
the ordered hypergraph setting, where ¢ vertices are fixed and the number of edges containing
them is counted.

We call a function o : [n] — [0,1] over the set of vertices a similarity function. We call a
function w : S — [0, 1] over the set of edges a subcount. We abuse notation by denoting with
1 any function that takes value 1 on its domain (whatever that might be). We write 1 to
denote the indicator function of a proposition, which is, we write for example 1(y € Y') to be
the function that has value 1 when ‘y € Y’ is true, and value 0 when it is false (the domain
is always clear from the context). For any real numbers x,y, z, we also write z = y £ z to
indicate y — 2z < x <y + 2.

Very importantly, we now introduce a general setting that accompanies us for the rest of
this work. That is, we fix now the following quantities, and refer back to them frequently in
the following.

Setting 2. Let k,n > 2 be fized integers, let c,p > 0 be real numbers with p € (0,1). Let S
be a k-uniform ordered hypergraph on [n], and let ¥ and € be sets of respectively similarity
functions on [n| and subcounts of S. Let both ¥ and Q contain the 1 function that takes
value 1 everywhere in their respective domains, and let ¥ contain each of the n functions

flx) =1(z =1).
We point out that this setting contains no conditions on any of these objects, which is why
we need the following definition.

Definition (C-conditions). Let us be in Setting 2. For C' > 0 a real number, we say that
the C-conditions are satisfied if all the following inequalities are respected. We first ask p >
C(log?* n)n=', and that for all 1 < £ < k, we have

Ag(8) < Oyt

n

Where e(S) is the number of edges of S. We also ask that ¥ and 0 have at most exp (%)
elements.

This setting and definition allow us to set up statements as follows. “Let us be in Setting 2.
For every € > 0 there is C' > 0 such that, if the C-conditions are satisfied, then ...”.
We need one more set of definitions.

Definition. Let us be in Setting 2. We say that Z C [n] is an e-good dense model for' Y C [n]
if it satisfies the following:
(1) For each o € ¥, we have Z p iy eY)o(y) = Z 1(z € Z)o(z) £ en, and
y€(n] z€[n]
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(2) For each w € Q, we have Zpik]l(s CYw(s) = Z 1(s C Z)w(s) £ee(9).
ses seS
Notice that whether Z is an e-good dense model of Y depends on € and ¥ even if this is
not explicit from the notation. We say that Z is an e-good dense lower model if the second
equality of the definition is just a lower bound, i.e. if it satifies 1 and

Yw € Q, Zp_kll(s CYw(s) > Z 1(s C Z)w(s) —ee(9).
ses ses

We are now ready to introduce our general transference principle.

Theorem 3. Let us be in Setting 2. For every € > 0 there exists a constant C' > 0 such that,
if the C'-conditions are satisfied, the following holds.

(1) Lower bound: With probability at least 1 — exp (—%), every subset Y of the binomial
random set X = [n], has an e-good dense lower model Z C [n].
(2) Upper bound: Let

=P ({s€8:sCnp} > (1+5) E({s€S:sCn})+exp(-F).

With probability at least 1 — 1y, every subset Y of the binomial random set X = [n],
has an e-good dense model Z C [n].

(3) Dense model with deletion: With probability at least 1 — exp (—%), there exists a
subset X with at least (1 — €)pn elements of the binomial random set X = [n], such
that for every subset Y C X, there is an £-good dense model Z C [n] for Y.

Notice that the probabilities mentioned above are asymptotically optimal. Indeed, the
failure probability has the same order of magnitude of the probability that X contains no
element of S at all for cases 1 and 3. Moreover, for case 2, n, corresponds to the probability
that X contains many more elements of S than expected, plus an error term of the order of
magnitude of the probability that [n], contains no element of S at all. In this case, taking
Y = X would show that we cannot ask for the existence of a good dense model for all subsets
of X.

2.1. A further note about graphs. We now see that Theorem 1 follows from Theorem 3.
Indeed, if we take X, and € to be minimal (as required by Setting 2), we obtain a counting
result that is exactly Theorem 1. This is because for a subset Y of [n],, Theorem 3 gives
us an e-good dense model Z C [n] such that |Y|p~™ = |Z| £en and Y, q1(s C Y)p* =
> scs L(s € Z) £ en. The first equality says that Z has the appropriate size, and the second
allows us to know the number of copies of H in Y provided we can count the copies of H in

Z.

2.2. Counting lemma for sparse hypergraphs. We provide a further application of our
transference principle, which is a counting lemma for sparse hypergraphs. However, because
much more notation is needed to state such a theorem, we postpone its statement to Section 12,
where it is presented as Theorem 30. Because Section 12 is completely separated from the
preceding sections, besides for the use of our transference principle, the interested reader can
explore Section 12 independently from the rest of this work.

Theorem 30 is a strong counting result for hypergraphs in the sparse random regime. Indeed,
it provides a more precise counting statement than the one obtained by Balogh, Morris, and
Samotij [1], and by Saxton, and Thomason [16] with the container method. Similarly, with
their version of the transference principle, Conlon, Gowers, Samotij, and Schacht [5] also
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obtained weaker lower bounds, and were able to obtain an upper bound only in the case of
strictly-balanced graphs (while their work can probably be generalised to hypergraphs, no such
generalisation has been completed).

2.3. The Deletion Version of our Transference Principle. Before Section 11, we focus
on item 3 of Theorem 3, which is the deletion version of our Counting Lemma. In Section 11
we show how to obtain the rest of Theorem 3 from item 3. We restate now item 3 of Theorem 3
as an independent theorem and make explicit the notation.

Definition (e-deletion). Let X be a sample of the binomial random set [n],. Given e >0, we
say that X is an e-deletion of X if X is a subset of X with at least (1 — €)pn elements.

Theorem 4 (Case 3 of Theorem 3). Let us be in Setting 2. For every e > 0 there exists C > 0
such that, if the C-conditions are satisfied, then with probability at least 1 — exp ( — %), the

binomial random set X = [n], admits an e-deletion X such that for each Y C X, there is an
e-good dense model Z C [n] forY.

3. TooLs

3.1. Concentration Inequalities. We start with some standard concentration inequalities.
Theorem 5, Lemma 16 and Theorem 7 can be found in [18], respectively in Section 2.3, Section
2.8, and Section 2.9.

Theorem 5 (Chernoff’s inequality). Let Xi,..., X, be independent Bernoulli random vari-
ables, let Y =>"" | X;, and let 6 € (0,1). Then we have

PY > (14 O)E[Y]],P[Y < (1 - )E[Y]] < exp (- FE[Y]).

The following result is known as Bernstein’s inequality.

Lemma 6 (Bernstein’s inequality). Let Y1,...,Y, be independent random wvariables taking
values in [—M,M]; let S=Y1+ ... +Y,. For A >0 we have
—X\2/2
IP)HS—E[SH > A < 2exp 78} / .
5+ 2 Var(Yy)

The following result is due to McDiarmid.

Theorem 7 (McDiarmid’s inequality). Let Xi,..., X, be independent real-valued random
variables, and let f : R™ — R be a function. Assume that the value of f(x) can change by
at most ¢; > 0 under an arbitrary change® of the i-th coordinate of x € R™. Then, for every
e > 0 we have
P[|F(X0- o Xo) —ELF (X, Xl 2 €] < 200 (= 52205,

We also require a further concentration inequality, due to Kim and Vu [12| which provides
a concentration result for a multi-variable polynomial over independent Bernoulli random
variables as follows. Let F' be an hypergraph with V(F') = {1,...,n} and edge set E(F). Let
us assume each edge e is associated to a weight w(e) > 0 and that each edge of F' contains at
most d vertices. Moreover, for any A C V(F'), let F4 denote the A-truncated sub-hypergraph
of F, which is the hypergraph with vertex set V(F) \ A and edge set E(F4) = {€/ C V(Fjy):

IThis means that for any index i and any 1, ..., %, 2} we have [f(...,z:s,...) — f(..., @}, ...)] < ci.
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¢/ UA € E(F)}. Note that w extends in a unique way from E(F) to E(Fy), therefore we
abuse notation and use w to denote either function.

Suppose now t,...,t, are independent random variables, such that for each i € [n] there
is p; € [0, 1] such that t; is either a Bernoulli {0, 1} random variable with E(¢;) = p;, or the
constant random variable t; = p;. The following polynomial is a well-defined random variable

Yr = Z w(e)Hti.
e€E(F) tice

Analogously we can define Yr,, where by convention Htie@ t;i=1.

In order to provide a concentration statement for Yz, we need to introduce a language
to describe its deviations. For i € {0,...,d} let E;(Yr) = maxscy(p);aj—i E(YF,). Note
Eo(Yr) = E(YF) is just the expectation of Yp. Let E'(Yr) = max; E;(Yr) and E'(Yr) =
max;>1 E1<YF)

Theorem 8 (Kim-Vu’s inequality). Let F, w, d, and {ti,...,t,} be as above. For A\ > 1 and
aq := 812, we have

P[|Yr — E(YF)| > ag(E' (Yr)E"(Yr))/2X4] = O(exp(—X + (d — 1) logn)).

The moral of this theorem is that if the average effect of any group of at most d random
variables is considerable smaller than the expectation of Yz, then Yz is strongly concentrated.

3.2. Optimisation tools. Here and in the following, by polytope we mean a convex polytope,
i.e. the convex hull of a finite set of points in a finite-dimensional Euclidean space. Given a
polytope ®, the vertex set of ® is the? minimal set V of points whose convex hull equals .
The reader should not confuse the vertex set of a polytope with the vertex set of a graph or
hypergraph.

Lemma 9. Consider f : R®™ — R a polynomial in n variables that can be written in the
form f(x1,...,2xn) = D> iy aix;-’l, where d s either 1 or any positive even integer, and where
a1,...,a, > 0. Let ® be a polytope in R™ with vertex set V. Then f attains its maximum over
® at a vertex of ®, which is:

B ) =g -
Proof. We show that if a maximiser is in the interior of a line segment in ®, then all points
on the line segment are also maximisers.

For distinct (Y1,...,yn) and (z1,...,2y,) in @, let us denote by (x1,...,z,) their middle
point $(Y1 + z1,...,yn + 2n). If 30 a;2d is at least D7 | a;yd and strictly larger than
Sor i aizd, then it is also larger than .7 | 1a;(y¢ 4 2¢). By averaging, there exists i such that
a;izd > La;(yd + 29), so 2§ > $(yd + z¢). But the function x — z¢ is convex, a contradiction.

If z is in the interior of a face of ® of some dimension D, by picking a line through x in this
face, we see that there is a maximiser in a boundary face of dimension D — 1, and iterating
we reach a vertex which is a maximiser. ]

A functional is a function that has R as codomain. Given a functional h : X — R>q, we
say a functional f: X — Rxq is h-bounded if 0 < f(z) < h(x) for all x € X. More generally,
given a collection H of functionals from X to R>(, we say that a functional f : X — R>q is
H-bounded if there exists a functional h € H such that f is h-bounded. Suppose that f is

2A proof of uniqueness follows by greedy selection.
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H-bounded. We say that f is H-extreme if there is h € H such that for every x € X we have
either f(z) =0 or f(z) = h(z).

A celebrated theorem about the existence of functionals is the Hahn-Banach theorem.

Theorem 10 (Hahn-Banach). Let K be a closed convex set in R™ and let f be a vector that
does not belong to K. Then there is a linear functional 1 on R™ such that ¢(f) > 1 and such
that ¥(g) < 1 for every g € K.

Another celebrated result is the Stone-Weierstrass Theorem, which we present in its original
form, proved by Weierstrass. We refer to Theorem 7.26 of [15].

Theorem 11 (Weierstrass Approximation). If f is a continuous real function on |a,b]. For
every € > 0 there exists a polynomial P with real coefficients such that for every x € [a,b] we

have |P(x) — f(z)| <e.
4. MAIN TECHNICAL THEOREM

The focus of this section is to rewrite our setting in the language of functionals, and create
a parallelism between sets, functionals, and vectors. This is done following the example of
Green and Tao [10], and Conlon and Gowers [4] after them.

4.1. Sets, functionals, and vectors. It is fundamental for understanding the rest of this
work the idea that we can represent subsets of a specific set as functionals, and functionals as
vectors, and that tools used in one of these scenarios often have a useful translation in one of
the others.

We start by introducing the equivalence between subsets of [n] and functionals from [n]
to R>p. The statement of Theorem 4 is about random subsets of a given set [n]. Given a
sample X = [n], we write y1 = p(X) for the scaled indicator function © — p~11(z € X). This
functional p is our representation of X in the space of functionals [n] — R. Strictly speaking,
we should not say this, since pu(X) depends not just on X but on the value of p used when
X was chosen, but this is always clear from context. In this language, we think of a weighted
subset of X as being a functional f : [n] — R satisfying 0 < f(z) < p(z) for all = € [n]. Also,
the unweighted subset Y C X corresponds to the scaled indicator function p~11(z € Y') which
takes value p~! on Y and 0 elsewhere.

Often we also want to think of a functional f : [n] — R as a vector of R", in order to define
more easily operations and norms over the space of such functionals. While quite standard,
we give an explicit example of how this allows us to define an inner product on the set of said
functionals by

(1) (fr9) =2 fl@)g(x).
z€[n]

It is quite important in the following that this operation is indeed an inner-product, and
therefore is, in particular, linear in each component and symmetric. We often apply real
operations and operators to vectors, by which we always intend to apply them pointwise. For
example, the product of two vectors, written fg, is the vector for which the component x
has value the pointwise product f(z)g(xz). We also define, maybe in a less standard way, the
operator -7, which we apply to functionals and vectors alike, as follows. For f a functional,

NN - ifx>0
f(‘”){o ifz <0
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Also, for a positive integer d, the notation f¢ indicates the pointwise product, so this
indicates the functional fd(a:), or equivalently the vector with d-powers at every component.

4.2. Further definitions towards our goal. The objective of this section is to define a
norm over the set of functionals [n] — R. We want to use this norm to rewrite Theorem 4
in the language of functionals. More precisely, we want to define a norm such that, if the
functional f representing Y and the functional g representing Z are close with respect to this
norm, then Z is a good dense model for Y. We now proceed with introducing the necessary
definitions, before moving to rewriting Theorem 4.

A fundamental operation for our work is the conwvolution, which is an operation on func-
tionals that is dependent of S.

Definition (Convolution). Given our k-uniform ordered hypergraph S on [n], let i € [k] be
an index, let fi,..., fi—1, fix1,--., fx be non-negative functionals from [n] to R>qo, and let
w:S —[0,1] be a subcount. The convolution *; 5, (f1,..., fi—1, fi+1,.-., fx) is the functional
[n] = R defined as follows. For x € [n],

0,80 (f1s - fim1y fir1, oo fr) (@) = 6(1;) Z W(S)Hfj(sj)'
s€8;(z) J#i

In the following, we only write %;,(f1,..., fr), as S is fized. Moreover, we would write “let
fi,---, fr be non-negative functionals” instead of “let f1,..., fi—1, fi+1,--., fx” when we only
need k — 1 functionals, for ease of indexing.

Note that the convolution operator is multilinear, i.e. it is linear in each of the fi,..., fi.

The reason we need such a definition is the following. Consider the expression

k
@) Ui S0} = 77 o) TL o).

seS

If for each j € [k] we select f; to be the scaled indicator function of the sparse subset Y,
ie. fi(z) = p~'l(z € Y), then we obtain that equation (2) becomes the left-hand side of
point 2 of Theorem 4 (without the error term). On the other hand, if we select as g; the
indicator function of the dense model Z, i.e. gj(z) = 1(x € Z), then equation (2) becomes
the right-hand side of point 2 of Theorem 4 (without the error term).

In order to say that the right and left side of point 2 of Theorem 4 are close to each others
we bound a telescoping sum. Which is, we prove that the quantity

(3) (fi = 9ir*iw(f1s- s fic1s Gty -+, GR))

is small whenever g; is a dense model of f;. The reader should see this as a further example
of taking advantage of the parallelism between the sets, functionals, and vectors formalisms.
We now go one step forward, and define a polytope ®. The goal of this polytope is contain
some witness functionals so that if (f — g, ¢) is small for all ¢ in the polytope, then the various
(3) are also small.
Following Conlon and Gowers [4], we give a simplified version of their definition as follows.

Definition. Let us be in Setting 2, and let H be a set of functionals [n] — R.
A functional ¢ is said to be H-anti-uniform if it is in X2, or if it can be written in the form
*iw(f1,. .., fr) for some H-bounded functionals fi, ..., fi, somei € [k], and somew € Q. The
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polytope ®(H,X, Q) of H-anti-uniform functionals is the polytope in the space of functionals
R defined by convex hull of the set containing all the H -anti-uniform functions ¢ and their
muverses —@.

Because we use this definition only under Setting 2, we usually write ®(H) instead of
O(H, %, Q). Also, when we enumerate H we write ®(hy, ..., hs) instead of ®({hi,...,hs}).
E.g. we often write ®(f1) or ®(1) for ®({ir}) and ®({1}).

Because the convolution operator is multilinear, every vertex of ®(H) is either in 3, or it
is a convolution #;.,(f1,..., fr) where each f; is H-extreme. Moreover, if we have fi,..., fi
non-negative functionals, respectively bounded by H-elements hi, ..., hg, then we also have
that for all x € [n] it holds

0< *i,w(flv cee fk)(x) < *i,l(hla s 7hk)($) :
This justifies the following definition.

Definition. For hy,...,hy in H, we say that an element of ®(H) that can be written as
%i1(h1,...,hg) is an H-largest anti-uniform functional of ®(H) (or a largest anti-uniform
functional of ®(H)).

Moreover, we call H-extreme anti-uniform functional a functional that is in X or of the
form %; ,(h1, ..., hy), where hy, ..., hy are H-extreme.

Remark 12. We consider a few properties of H-anti-uniform functionals and of ®(H).

e O(H) is by definition centrally symmetric.
e Because Y contains by definition all the standard basis vectors, which is all the func-
tions of the form f(z) = 1(x = i), we have that ®(H) is a full-dimensional polytope

in RM.

e All H-largest anti-uniform functionals are H-extreme anti-uniform functionals, but not
vice-versa.

e For any set H, and for any v € ®(H) a vertex of the polytope, there exist a H-largest
anti-uniform functional *;1(h1,...,hy) such that we have 0 < v < %;1(h1,..., hy)
pointwise. This follows, as mentioned above, from multilinearity of the convolution
operator.

As mentioned, the objective of this section is to rewrite in the language of functionals and
vectors the statement of Theorem 4. The last technical step needed is the definition of a norm
over RI™. Our candidate is the following:

| fllomy == ¢g(1§>é)<f, o) -
To see that this is indeed a norm, we can consider that ®(H) is a centrally symmetric polytope
of dimension n, thus maxgeq g (f, @) is zero if and only if f = 0 by the hyperplane separation
Theorem (section 2.3 of [3]|). Moreover, absolute homogeneity comes from equation (1). Finally
we leave triangle inequality as an exercise for the reader. In the following, we write || - || when
®(H) is clear from the context.

A useful bit of notation is as follows.

Notation 13. In Setting 2, given X a subset of [n], we denote by fi the functional ji(z) =
p~ Yz € X) with domain [n] and codomain {0,p~'} C R. We often denote with ® the polytope
B 1).



A TRANSFERENCE PRINCIPLE AND A COUNTING LEMMA FOR SPARSE HYPERGRAPHS 10

We now have the language to state our main technical theorem, which is a functional version
of Theorem 4.

Theorem 14. Let us be in Setting 2. For every € > 0 there exists C' > 0 such that, if the
C-conditions are satisfied, then with probability at least 1 —exp (— %) the random set X = [n],
admits an e-deletion X such that —using Notation 18— for every fi-bounded functional f there
evists a 1-bounded functional g such that ||f — gllo(,1) < €.

Something to note is that we have allowed f to be a general fi-bounded function (not just a
scaled indicator function of a subset of X, which would be the exact translation of Theorem 4)
but we also relaxed our conclusion to let the dense model g be a 1-bounded function, not
necessarily {0,1}-valued. To prove Theorem 4, we need to return to integer-valued dense
models, which is the subject of the next section.

5. INTEGER DENSE MODELS

5.1. Integer dense models suffice. The following result says that we can approximate the
dense model g given by Theorem 14 by an integer-valued model.

Theorem 15. Let us be in Setting 2. For every € > 0 there is C > 0 such that, if the C-
conditions are satisfied, then for any functional g : [n] — [0,1], there is a functional g* : [n] —
{0,1} such that [|g — g"||lo) < €.

The proof of Theorem 4 from Theorem 14 and Theorem 15 is an exercise in functional anal-
ysis. We write the statement as functionals, then replace the sparse functional f representing
X with its fractional dense model g by a telescoping sum, then the fractional dense model
with its integer dense model g* by another telescoping sum. This proof contains the type or
argument needed when converting a statement to the functional setting.

Proof of Theorem 4. We are in Setting 2. Given € > 0 we can take C' such that both Theo-
rem 14 and Theorem 15 hold in Setting 2 with 5-¢ (instead of €) if the the C-conditions are
satisfied. 3

Suppose now that the likely event of Theorem 14 occurs for X = [n],, and let X be the set
that this event provides. Now, for any given Y C X, let f(y) = p~'1(y € Y). By definition,
f is fi-bounded, so by Theorem 14 there is a 1-bounded ¢ such that
(4) If = glla@) < 55
By Theorem 15, there is an integer 1-bounded function g* such that

(5) lg — g*la@) < 3¢ -

Let Z ={z € [n] : g*(2) =1}. Given 0 € X, since 0 and —o are in ®(z,1) and in its subset
®(1), the inequalities (4) and (5) give us

(fio)=(g9,0) £ 5 =(g9",0) £ 7

which, multiplying by n and filling in the definitions of inner product, f and g*, gives 1.
Given now w € €2, we have the telescoping expression

(fv*l,w(fa"‘7f)>:<gv*1,w(f7"‘7f)>j:2€7]g:<f7*2,w(gaf7"‘7f)>j:i
= .. :<ga*k,w(ga”'7g)>i%57
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where we have in total k replacements of an f with a g, in each case using that the corre-
sponding convolution and its negative are in ®(f,1); and k rearrangements of terms, where
the value does not change but the inner product is rewritten.

Repeating the same telescoping argument, but this time replacing each occurrence of g with
g*, and using that the corresponding convolutions are in ®(1), we get

(9 %kw(9,---,9) = (9, ¥1.0(9, -, 9)) = (g% %10(9,9,- -, 9)) £ 5%
= = (0" (gt 97)) £ 36,
Putting these two expressions together we have
<f7 *l,w(fa sy f)> = <g*7 *k,w(g*7 e 79*)> i 87
which filling in the definitions of f, ¢*, inner product and convolution, and multiplying by

n- e(5) is 2. O

n ?

5.2. Random splitting: a useful technique. In this section we prove Theorem 15. We
start by giving a sketch of the approach, as some of the ideas reappear later. In particular, we
use a refinement of similar techniques to prove Theorem 18.

We start by defining ¢* via randomised rounding. That is, independently for each x, we
generate ¢g*(x) by choosing 1 with probability g(z) and 0 otherwise. We then argue that the
required closeness in norm is likely.

A first intuitive approach would be to try leverage our optimization Lemma 9 and say that
the extremal value is attained at a vertex. This would allow us to argue that for any given
vertex ¢ of ®(1), with high probability we have (g — g*, ¢) < ¢ and then take a union bound
over the choices of ¢. The reason to believe this might work is that g(x) — ¢g*(z) is, for each
x € [n], a random variable in [—1,1] with mean zero, while ¢ is a fixed vector, so the inner
product is a sum of independent mean zero random variables. Unfortunately, this fails by a
technical detail: there are too many choices of vertex for the required union bound. To get
around this, we now define a polytope which contains ®(1) but has fewer vertices.

Definition (Random split). Let L be a positive integer, and let x : [n] — [L] be a sample
of the uniform random function. For i € [L] we then denote by v; the function on [n] such
that vi(x) = L if x(x) =i, and v;(x) = 0 otherwise. We have 1 = %Zf:l v;. We call this a
random split of 1.

By linearity, every vertex of ®(1) is a convex combination of vertices of ®(v1,...,vr), so it
suffices to show (g — g*, ¢) < € holds for all vertices ¢ € ®(v1,...,vr).

It follows from the A;(S) bounds of the C-conditions and from the definition of ®(1) that
any ¢ € ®(1) only attains values with absolute value at most ¢. Unfortunately, no such bound
holds for functionals in ®(vy,...,vy), which can attain values as large as LF~!c. Such large
values spoil the concentration we require of the random variable (g — g*, ¢). We deal with this
by splitting up ¢ in two components ¢*™*! and ¢P8: we define "™ (z) = ¢(x)1(|p(z)| < 2¢),
and ¢big =¢— ¢small.

We can now write (g — ¢g*,¢) = (g — g*, o) + (g — g*, ¢"8). The point of this is that
the random variable (g — g*, #*™*!) does concentrate well, while we can use a high moment
argument to show that (g — g*, ") is tiny. Importantly, while our concentration argument
needs to take a union bound over all vertices of ®(vy,...,vr) (i.e. all {v,..., v }-extreme
functions and their negatives), we only need to bound high moments of the {v4, ..., vy }-largest
anti-uniform functions.
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We start with a technical lemma that has apparently nothing to do with the proof we want
to show. We present this lemma separately because we use it also in a later section.

Definition. Let us be in Setting 2. Let d be a positive integer, x € [n] and i1,...,iq € [k]. A

configuration with spine x and index tuple (iy,...,iq) is a tuple (s',...,s%) of edges of S such
that sgj =x. Ifii1=... =ig =1, we call this a d-book with spine x.

Fori= (i1,...,iq) and t a positive integer, we denote by a(i,t,x) the number of configura-
tions (s',...,s%) with spine x and index tuple i such that ‘Uisi \ {m}} =t.

Lemma 16. Let us be in Setting 2. Let C' > 0 be a positive real number and let d and t be
positive integers, with k —1 < t < d(k — 1). If the C-conditions are satisfied, then for any
x € [n] and any i = (i1,...,1q) we have:

a(i, t, l‘) < td . (2dlck,!)d . Cd0d+t—kdpkd—d—te(s)dn—d ]
Moreover, fort = d(k — 1) we have:
afit,z) < cle(S)In™?

Proof. Let us fix «, t, d and i. We now describe a process that can generate any configuration
with spine z, index tuple (i1, .. .,44), and covering t vertices besides . By counting the number
of choices we make until a specific configuration is selected, we can upper bound «a(i, t, z). We
start by picking non-negative integers my, ..., mg < k—1 with m; = k—1. We choose s' to be
an edge of S whose i1-th element is . We then pick k — mo elements, including x, among the
k elements of s' that are also to be contained in So. We then fix a position of these elements
in So, which is an injection from these k — mgo elements to [k], making sure that x is assigned
position s in s2. We then select an element s2 of S that satisfy these constraints. We repeat
a similar procedure, fixing k — mg elements of Sy to generate S3 (fixing z in i3 for s%), and
repeat the procedure until we get s¢.

In this procedure, the main contribution to the number of books constructed comes from
choosing the m; = k — 1 new elements of s', the mg new elements of s2, and so on; the
number of ways to do the i-th step is a constant —that counts the number of ways we have
to fix elements of the previous edges into the new one, and can be upper-bounded by 2*k!,
a constant— multiplied by the codigree of S of the right magnitude Ag_,,, (S) for which we

—k, 1—1—m; e(S)

have by hypothesis the upper-bound cC!+™mi—ky -~. The total number of elements of

[n] \ {z} our constructed book covers is at most Zle m; (we do not enforce that the ‘new’
elements are really distinct from the previously chosen ones). We can therefore ignore books
which cover too few elements of [n] and assume 2?21 m; = t. This means that the product of
codegrees we get is c?Qdtt—kdpkd—d=te(G)dp=d This gives an upper bound on af(i, ¢, z) of

Oé(i7 t, l‘) < td . (2dkk|)d . CdCdthfkdpkdfdfte(S)dnfd ]

Indeed, the t¢ counts the ways to choose my, ..., mg, the factor 2¢9¥k! corresponds to picking
a subset of used elements and an injection to [k], and the final product is the product of
codegrees. Note that in one special case we can do better: when ¢t = d(k — 1), we have
mi = ... =mg=k—1, and we do not have to pick any used elements (we must pick x and no
other element every time) nor injection (x must be the i;-th vertex of each S, and no other
elements are repeated) and we get the upper bound a(i, t,z) < c?e(S)%n~¢ on the number of
these books. O

We are now ready for the proof of Theorem 15.
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Proof of Theorem 15. We are in Setting 2. Given € > 0, let d > 4 be an integer such that
247dc? < L1e. Let L = [1000c?de~2] be another integer, and set

C = 100(dk)* (294 .

We can assume now that the C-conditions are satisfied in our setting. Let vq,...,v be
a random split of 1. In the following claim, recall that when ¢ is a vector, ¢¢ denotes the
pointwise power.

Claim 17. With high probability®, the following properties are satisfied. For each i € [L], we

have the inequality (1,v;) < 2; and in addition, for each j € [k] and i1,...,i; € [L], we have
d
<1, ( *j,l (Uil, ce ,I/ik)) > S 2Cd .4
This claim is our bound on high moments of the {v1,..., v }-extreme functions.

Proof. For the first statement, fix i. As (1,14) = 2 3", 1;(z), we are asking for the proba-
bility that v; has more than 2n/L entries equal to L. If we consider ) 1(v;(z) = L), this
is a binomial random variable with mean n/L, so by Chernoft’s inequality (Theorem 5) the
probability that it exceeds 2n/L is at most exp ( — %n/ L). Considering an union bound over
i, the probability of failure of the first statement is o(1).

For the second statement, fix j and iy, ...,i;. Let Z = (1, ( %1 (Vi - - ,Vik))d>. We first
argue that E[Z] < 3¢?. We have

d

Z = % Z (#j1 (Vm-~-,1/ik))d($) = Z lee(g)d Z H’jit(st)

z€[n] x€[n] s€S;(z) t#j

d
nd
=2 TlLe(S)de(kl) > T =in)

z€[n] se€Sj(x) t#J

nd d
=Y Y g I e = .

z€[n] s1,...,s%€S; () i#j h=1

Notice that the internal sum of our last equation is a sum of d-books with spine z. Each

term of said sum takes value either zero or % . e(";)d - LE=Dd | et us fix a d-book s, ..., s,
and let us ask what is the probability that the internal sum takes the larger value. If we let
Q = UL ,s'\ {z} and ¢ = |Q|, the probability depends only on ¢. Indeed, notice that for each
element of (), the random variable y needs to attain a specific value, otherwise the whole term

is set to zero. Therefore, given s', ..., s% the probability that the corresponding element of
the sum takes value % . E(L;)d - LD g at most L4 (it can be that the probability is zero,
for example if we have v;, (y)vi,(y) as a term in our sum). Notice that lower values of ¢ imply
larger probability that the corresponding element of the sum samples the higher value. We

can use Lemma 16 to count the number of books as follows.

3With probability tending to 0 as n tends to co.
4The two 1 in this statement are functionals over different domains.
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Fixi=(j,...,Jj) a d-tuple with all entries equal to j. For the calculation of the expectation
of Z, we need the following to bound the main term.
d(k—1)
S Y T <2 X a
z€[n] sl,...,s4€S;(x) t#j h=1 z€[n] g=k—1

If we insert the bounds of Lemma 16 in the calculations we obtain:
E[Z] < ? + %cd.

where the first term ¢? is the ¢ = d(k — 1), and by choice of C' each other term in the sum
contributes at most 3(dk)~!c?

We next want to apply McDiarmid’s inequality (Theorem 7) to Z. We therefore need to
argue that Z does not vary a lot when just one component of the colouring y is changed.
For any fixed y € [n], consider that changing the colouring at y affects only the terms of the
sum Z where y is in at least one edge of the book s!,...,s? As before, we upper-bound the
number of these terms by showing a procedure that can generate any such book containing
y, and keeping track of the choices we made. We start by picking ¢ € [d] and ¢’ € [k] such

that y is vertex number i’ of s'. Because the C-conditions are satisfied, A1(S) < c@, and

(5)

therefore there are at most CET choices of s' containing y in position ’. For the same reason,
the remaining d — 1 elements of the book (which all contain = at position j) can be chosen

d—1
in at most cd_l% ways. This means that the chance of value of y at y can influence at

most dkc?e(S)?n~? terms (we multiplied by d to take into account the choice of i and by k to

take into account the choice of i’). Since each term takes value either 0 or = e © k- D, the

S)d
effect of changing the colouring at y is at most

L L - dkete(S) ' = LA Dk

Applying McDiarmid’s inequality, the probability that Z exceeds its expectation by %cd

at most )
2.7¢2d
4
CeXp ( - n,(Ld(k—ndkcdnq)z) )
which tends to zero exponentially in n.

Taking the union bound over the at most kL%' choices of j and i1,...,ix_1, the failure
probability for the second statement is o(1). o

Let g be a 1-bounded functional from [n] to [0,1]. Our aim is to prove that there exists a
functional g* : [n] — {0, 1} such that [|g — ¢*[|s(1) < &. We take g* to be a random rounding
of g, which means that for each = € [n] we sample g*(x) independently at random to take the
value 1 with probability g(x).

By Claim 17, there exists v1,...,vr a random split such that the likely event of Claim 17
holds (otherwise it wouldn’t hold with high probability). Fix such vq,...,vr. In order to
prove that [|g — g*[|(1) < € we first show that for any ¢ an arbitrary vertex of ®(v1,...,v),
we have (g — g*, ¢) < e. We then show that this is enough because ®(1) C ®(v4,...,vr) and
because linear functions attain their maximum over a polytope at a vertex (Lemma 9).

For a vertex ¢ of ®(vy,...,vr), we write ¢**(z) := ¢(2)1(|¢p(z)| < 2¢) and ¢ =
¢ — ¢ We first prove that for each vertex ¢ of ®(v1,...,vr) we have (g — g*, ¢5™2ll) < s,
and then we prove a similar statement for ¢Pie.
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For ¢*™! we do this by union-bounding, for the choice of ¢, the probability that we
selected a g* that is too far from ¢ with respect to ¢S, To apply the union bound, we start
by considering that the number of vertices of ®(v1,...,vr) is at most

12| + k- Q- LF—tok—1)2n/L

Indeed, every element of ®(vy,...,vr) can be seen as the convex combination of elements of
Y (at most |X| many) and v, ..., vr-extreme anti-uniform functionals (by Remark 12). The
number of these latter functionals can be bounded by the fact that each of them is determined
by being of the form *;.,(f1,..., fr), where there are k choices for the value i; there are ||
choices for w; and each of the k—1-many f; comes from the selection of one of L-many elements
of {v1,...,vr} and a subset of the at most 2n/L-many (by Claim 17) non-zero entries of the
selected element of {vy,...,vL}.

We now observe that, considering g* as a random variable with E[g*(z)] = g(x), we have
that (g — g*, ™) is a sum of n-many O-mean random variables, each with range at most
2cn~! and so variance at most ¢?n~2 [2]. Applying Bernstein’s inequality, we have

Pllg—g" 0™ > ge] <oxp (— g1 lg ) <o (- 55).

37 -§€+n-02n

By choice of L, taking the union we obtain that with high probability we have (g— g*, S™all) <
%z—: for every vertex ¢ of ®(v1,...,vr). Therefore, there must exist a g* for which this condition
holds. Fix such a g*.

Let us now prove that (g — g*, ¢P®) < 5 for all ¢ in ®(v1,...,vr). Take such a ¢ and let ¢
be a {v1,..., v }-largest anti-uniform functional such that ¢ < ¢ pointwise (which exists, as
discussed in Remark 12). We have

(g — g%, 6"8)] < (g, 0"®)| + [(g", 6")]
< (g, [0"]) + (g%, [¢"8]) < 2(1,]0"¥|)
< (1,(¢"%)%) <2+ (20)*7U1, (¢”8)7)
< 2200241, 4 < 4c(26)27 < %
where the first line holds by triangle inequality, the second line holds by non-negativity of g, ¢g*
and ||, the third line holds because |¢P#| is bounded pointwise by (¢"*8)? and because all
these entries are either zero or at least 2c. The final line follows since ¢ < ¢ < 9 pointwise,

and then uses Claim 17. By choice of d, this final number is at most %5.
Putting these two estimates together, we have for every vertex ¢ of ®(vy,...,vr) the bound

(g—9g* ¢) < 3e+3e=c¢.
Since linear functionals over a polytope are maximised at vertices, we conclude the same bound
holds for every ¢ € ®(vy,...,vL).

To complete the proof, we now show ®(1) C ®(v4,...,vr). Because both sets are polytopes,
it is enough to show that all vertices of ®(1) are in ®(v1,...,vr). Given a vertex ¢ of ®(1),
either ¢ € ¥ —in which case ¢ € ®(vy,...,vr) and we are done—, or ¢ = *;,(f1,..., fi) for
some 1-bounded functions fi,..., fz. For each j € [k] and t € [L], let f;:(x) = fj(x)ve(x),
which is 14-bounded. By definition of random split, f; = %Zte[ I fj.t- Therefore, we have by
linearity

*i,w(fla--'7fk) :Ll_k Z *i,w(fl,tla---vfk,tk)a

t1, stk €[L]
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which is a convex combination of elements of ®(vy,...,vr). O

6. REDUCTION TO ANTI-CORRELATION

We now show that an anti-correlation statement implies Theorem 14. Which is, we reduce
Theorem 14 to the following.

Theorem 18. Let us be in Setting 2. For every € > 0 there exists C' > 0 such that, if

_ pn

the C'-conditions are satisfied, then with probability at least 1 — exp( C) the random set

X = [n], admits an e-deletion X such that —using Notation 18— for every ¢ € ®(ji,1) we
have (i —1,¢") < e and (@i, ¢)|, |(1,¢)| < 2¢. In addition we have ||t — 1||g(z1) < €.

We now show, following closely the proof of Lemma 2.5 of Conlon and Gowers’ paper [4],
that Theorem 18 implies Theorem 14.

Proof of Theorem 14. We are in Setting 2. Given ¢ > 0, let § = %0052. Take C' such that
Theorem 18 holds in Setting 2 with § (in place of ) if the C-conditions are satisfied. Suppose
that the likely event of Theorem 18 occurs; that is, we are given i such that (g —1,¢%) < §
and [(1, ¢)| < 2 for every ¢ € ®(f1,1). For the rest of the proof, we only consider the polytope
®(f1,1) and simply denote it by ®.

Suppose now that f is some fi-bounded function which contradicts the conclusion of Theo-
rem 14. That is, we cannot write f = g + h where g is 1-bounded and ||kl < e.

We first show that we can write ﬁf = g+ h where g is 1-bounded and [|h|j¢ < 3e.
Suppose for a contradiction that this is impossible. The set K of functions of the form g + h
where g is 1-bounded and ||hlle < 1 is a convex set containing the zero function, since the
1-bounded functions form a hypercube (which is convex) containing zero, and norm-balls are
convex and contain zero. By the Hahn-Banach Theorem (Theorem 10), if ﬁ f is not in
K there is a hyperplane separation. Because linear functionals can be represented as scalar
products, this means that there is b € R" such that <ﬁf, ) > 1 but (g + h,9) <1 for
all 1-bounded g and ||h[jo < Ze.

A functional analysis argument shows that ¢ = %51/1 is in ®. To see this, we consider that
maxycp(h, 1) < 2671 due to linearity of the product and from the Hahn-Banach Theorem
(and that 0 is a 1-bounded function). From this, we obtain that the dual norm (see |14,
Ch. 4]) ||®||* is at most 2e~!, which is sufficient to conclude, considering that ® is a full-

dimensional polytope containing zero. The fact that ¢ € ® gives us, because of Theorem 18,
that (i —1,97) < 2e716. If we let g(x) = 1(x(z) > 0), we can write

(6)  1+2e710 < (fiy)) < (f97) < (Ay™) <(LyT) +2e710 = (g,9) + 26714

Where the first inequality comes from Hahn-Banach, the second from considering that f is
non-negative, the third from the fact that f is ji-bounded, the fourth we just proved, and the
last equality follows by definition of g. Since g is 1-bounded, we have (g, ) < 1. But (6) now
reads 1 + 2716 < 1+ 2716, a contradiction.

We can therefore write f = g 4+ 2c716g + h, where g is 1-bounded and ||hlle < ie. By
triangle inequality, to complete the proof it suffices to show [|2671dglle < %s. But this is
equivalent to showing that for every element ¢ of ®, we have (g, ¢) < i525*1.

As @ is the convex hull of non-negative elements and their negatives, and as g is non-

negative, we can assume that ¢ is non-negative as well. We can thus write
(9:9) < (1,¢) <2c
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where the first inequality holds because g < 1 and ¢ is non-negative, and the second is by
Theorem 18. By choice of §, this proves ||2e71dg||¢ < 3e. O

In this proof we did not use the conclusion || — 1||¢(z,1) < € of Theorem 18, however this
is a convenient fact to record.

The rest of this work is concerned with proving Theorem 18. The proof of this result
follows the same broad lines that we followed in proving Theorem 15. There are however some
important differences. Before entering in details in the next sections, we give a broad informal
outlook of these differences.

First, in Theorem 18 we need to optimize for ¢, which is not linear in ¢. This means that
that we cannot assume (fi — 1, ¢") is maximised at a vertex of ® as we did in Theorem 15. In
the following Section 7 we show how to reduce this problem to a linear (and thus maximised
at a vertex) optimisation problem over a different polytope.

Second, in Theorem 15 we were approximating a [0, 1]-valued functional via a random
rounding. In Theorem 18 we have to obtain concentration inequalities for [, which is a
sparse random function. Therefore the kind of concentration we can hope for is much weaker.
However, we still need an optimisation over ®(ji, 1), which has 222(n) vertices. Thus, the same
union bounds that we used in Theorem 15 would simply not work here.

Third, ®(fi, 1) itself depends on the randomness in fi. Therefore, one cannot fix a vertex ¢
of ® before revealing fi.

It turns out that a concept similar to the previously-defined ‘random splitting’ deals with
both these second and third problems; we describe the random splitting in Section 8 and prove
it does the job in Section 9.

Finally, entries of ¢ can be as large as logn, which makes bounding inner products more
difficult. However, the same idea that worked for Theorem 15 —applying moment bounds to
control exceptionally large entries— works just as well here. We prove the required moment
bounds hold with high probability in Section 10, and in Section 11 we show that this high
probability can (at the cost of some deletion) be upgraded to exponentially high probability.

7. A LINEAR APPROXIMATION

Part of proving Theorem 18 is to show that for every ¢ € ®(f1,1) we have (i —1,¢T) < e.
The difficulty in proving this statement is that the function ¢ — ¢ makes this a non-linear
optimisation problem over ®(ji,1). Thus, we cannot use, out-of-the-box, that (i — 1,¢™) is
maximised —as a function of ¢ in ®(fi,1)— at a vertex of ®(ji,1). We show in this section
that we can get around this by using the Weierstrass Approximation Theorem (Theorem 11)
to approximate ¢ — ¢ with a polynomial. As we now see, this translates our optimisation
problem to a linear one over the product polytope ®¢ := {Hf:1 i € P(1,1)}, withd e N
determined by Weierstrass’ Approximation Theorem. Since the constant 1 function is in X,
and therefore in ®(ji, 1), any product of at most d elements of ®(fi,1) is in ®¢. Any vertex of
@4 is a product of d vertices of ®(fi, 1).

We need to be careful because the Weierstrass Approximation Theorem allows us to ap-
proximate well the function  — z* only within a closed and bounded interval: we use the
interval [—2¢,2¢]. We show using high moment bounds that the contribution to the inner
product where ¢ lies outside of this interval is almost surely negligible. This argument is
broadly similar to the one used in the proof of Theorem 15.
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To this end, for any function ¢ on [n], write ¢ for the function which takes the value ¢(x)
on z € [n] whenever |¢(z)| > 2¢, and 0 otherwise, and ¢*™! = ¢ — ¢, That is,

¢mmujz{mm if ¢(x) € [~2c,2¢] ¢m@ﬂ:{o if ¢(z) € [~2¢,2d]

0 otherwise ¢(x) otherwise

Note that ¢"® and ¢*™2!l have disjoint support. The aim of this section is to prove the fol-
lowing deterministic reduction of Theorem 18, which tells us that the above sketched approach
works.

Lemma 19. Let us be in Setting 2 and let X be a subset of [n]. Let us use Notation 13. For
any € > 0 there exist € > 0 and d,d’, with d' even, such that if the following holds:

(1) For all ¢ € ®(ji,1)%, we have |(i — 1,¢)| < ¢,

(2) For all ¢ € ®(fi,1) we have |(fi, d*)], (1,0 )| < 27,
then for all ¢ € ®(ji,1) we have |(fi — 1,¢")| <&

Proof. Recall that by ¢t we mean applying the operator -* on each component of ¢. Therefore,
in particular for any z € [n] we have ¢ (z) = ¢(z)™.

Consider the functional -* : [-2¢,2¢] — RT (which we remind the reader can defined
as z7 := x - 1(z > 0)). This is a continuous function from a closed interval of R to RT.
By Weierstrass Approximation Theorem (Theorem 11), for any given & > 0, we can find a
polynomial P(z) = agz®+ ... + a1z + ag of maximum degree d such that for any x € [—2¢, 2¢]
we have |P(r) — x| < % (note that without loss of generality we can assume d > 2). Define

now M = max;e(o,... 4} |a;| and set e = W;H)' Moreover, set d’ to be the smallest positive

even integer such that 214 (2¢)2¢ < m.

What we want to do is to upper bound |{ii — 1,¢™)| given an arbitrary ¢ € ®. We use the
linearity of the inner product and triangle inequality to obtain the following inequality.

(7) (=167 < [{ia—1,P(¢))| + (i —1,P(¢) — 6]

We remind the reader that every operator here and in the following is defined component-
wise. Therefore, P(¢) is defined as the functional such that P(¢)(x) = P(¢(x)). We now
upper bound each of the right hand side terms with %/

To upper bound the first term (i — 1, P(¢))|, we expand the polynomial into its terms.
Using again linearity of the inner product and triangle inequality, we obtain

(i — 1, P(¢))| = —1Z¢H<MZ! ~1,¢")]

For any i € {0,...,d} and ¢ € ®, we have that ¢' € ®?. Indeed, we have that 1 € ®, and
therefore we can make up for the missing d — i terms by multiplying ¢ - 147% = ¢*. Therefore,
by 1 of Lemma 19 we have (i — 1,¢%)| <& = WJM). Summing over the various terms, we
obtain

(= 1,P(g))] < M(d+1)e < 5.

We now turn to the second term of (7), for which we apply the splitting of ¢ into the
two functionals ¢P® and ¢!l As before, we have ¢*™(z) = z1(|z| < 2z) and ¢P8(x) =
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d(x) — ¢*™al(x). In general, neither of these is in the polytope ®. Since @8, g™l have
disjoint support, and all operations are done pointwise, we have

P (¢small + ¢big) _ (¢small ¢blg) (¢small) (¢small) + +P (¢big) _ (¢big) +

In order to complete the proof, by linearity of inner product, it suffices to show

(8) [, P(&™1) — (@) (L, P(@™) — (™)) < & and
9) [, P(@"8) — (")), [(L, P(¢”%) — (") )| < §..

Of these, we address (8) first. Consider first that by definition of ¢*™! we have that
¢*M2ll(z) is always in [—2c,2c¢]. Moreover, for every x, we have that by definition of P it
holds ‘P(stmall)(x) _ (¢small)+(x)‘ < % The upper bound |<1’P(¢small) _ (¢sma11)+>| < %’
follows by triangle inequality as the inner product with 1 can be upper bounded by

%Z ‘P(d)small)(x) - ((z)small)Jr( ) < % <

00| ™

as we just saw. For the inner product with i, observe that by 1 of Lemma 19, we have
(i —1,1)| = [(2,1) = (1,1)] = 2p~'[X| —n| <e,

so fi takes the value p~! on at most (1+¢)np < %pn entries, and it is zero elsewhere. Thus, by
these considerations, triangular inequality, and definition of P, we get that the inner product
with fi is bounded by

(2, (™) — (™)) < I3 1) #0) p ' G < dpnopt ot = L

It remains to deal with (9). Here we use 2 of Lemma 19. Since every entry of ¢ is either
equal to zero or has absolute value larger than 2¢ > 1, we have pointwise (¢"8)* < ¢2. For
the same reason, we have pointwise

(10) Vi, j >0, (6P8) < (¢P18)2 < (2¢) W2t

In particular, for any fixed 1 <i <d, let j = %(d’ — 2i). Then we have by 2 of Lemma 19

/

(11) (71, 0), (L, ¢") < (20)714(2e") < 277200 < grriyrs -

where the final inequality is by choice of d'.
We now use the triangle inequality and (10) to write

d
(2, P(6”2) — (6”2) ) < Y Jaal (2, ) + (i 6%)
=0

and from (11) we get

/

~ bi big\ + ’ f
(i, P(¢7'8) — (¢”8) )| < M(d+ V) gypiarors + sararnis = 5 -

An identical argument replacing i with 1 completes (9) and hence completes the proof. [
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8. MORE INDEPENDENCE, LESS VERTICES

We introduced Lemma 19 to be of use in the proof of Theorem 18. When proving Theorem 18
we start by showing that fi — 1 is unlikely to correlate with any ¢ € ®(ji,1)?, for some large
fixed d given to us by Weierstrass Approximation Theorem. Much as in Section 5, a problem
we encounter when doing so is that ®¢ has too many vertices, and therefore we cannot directly
apply a union bound. As in Section 5, the solution to this problem is to randomly split & and
1. An additional problem that exists in this section, which was not present in Section 5, is
that in order to write down a vertex ¢ of ®(ji,1)? we need to know fi. Therefore, we cannot
then ask for i —1 to be independent of ¢, if ¢ is a vertex of ®(fi,1)%. It turns out that random
splitting deals with this problem as well.

We now introduce a finer notation for dealing with random splitting, and then prove that
anti-correlation over ®(ji,1)¢ is implied by anti-correlation over a new polytope with fewer
vertices.

Notation 20. Let us be in Setting 2. We assume we are using Notation 13 throughout when-
ever needed.

If it is given a function x1 : [n] — {1,...,[Lp~*]} —called 1-colouring—, we denote by v;
(for i € [[Lp~']]) the functional:

() = {m’_” Pl =i

0 else

If it is given a function x, : [n] = {1,..., L} —called p-colouring— and a subset X of [n],
we denote by p; (for i € [L]) the functional:
Lp~! ifre X and x,(x) =1
pi(x) = () ‘
0 else

We call each pre-image lel(:v) a part of the p-colouring (similarly for x1), and we call colours
the codomains of x1 and x,.

If, in addition to X, it is given X a subset of [n], we denote by fi; (fori € [L]) the functional:

- Lp~t ifr e X and T) =1
0 else

If, in addition to x,, x1, and X, it is given a positive integer d, we denote by @ the polytope
~ ~ d
=@ (fu,..., AL, V1, ,l/|'Lp—1‘|) )

Also, for any ¢ a vertex of ®', let Qy C [L] be the minimum set of p-colours such that we
can write ¢ as a product of at most d functions which are {fi; : j € Qp} U{v1,...,v[rp-11}-
anti-uniform. We denote by Y (¢) the revealed part of ¢, i.e. the set {x € [n] : xu.(x) € Q4}.

Finally, for ¢ € ®(fi,1)¢, we write ¢ (z) := ¢(2)1(|p(x)| < 2¢?) and ¢"8(z) = ¢(z) —
¢small(x).

We now prove that, with the above notation, ® contains ®¢ in the following deterministic
lemma.



A TRANSFERENCE PRINCIPLE AND A COUNTING LEMMA FOR SPARSE HYPERGRAPHS 21

Lemma 21. Let us be in Setting 2. Let x1 : [n] = {1,...,[Lp~11} and x, : [n] = {1,...,L}
be an arbitrary 1- and p-colouring respectively, and let X be an arbitrary subset of [n]. Let us
use Notation 20. For all d > 1, we have the set inclusion ®(fi,1)? C @'.

Proof. It is enough to show that the vertices of ®? are in ®’. By definition of ®¢ and &’ (as
the power of polytopes generated by anti-uniform functionals and their negatives), we can
consider a vertex ¢ € ®¢ which is a product of at most d of the {fi, 1}-anti-uniform functions.
We say at most d and not exactly d because 1 € ®.

By definition, every vertex of @ is either in ¥ or is of the form x;.,(f1,..., fr), where
i € [k],we Q,and fi,..., fr are {f1, 1}-bounded, or is the negative of such a vertex. Therefore,
we can write our vertex ¢ as

14 4
¢ = H*ij,wj(fl(])a o 7fk(;j)) HUj
j=1 i=1

where £+ ¢’ < d and where each ¢; is in 3. Consider a specific j € [¢] and j' € [k]\ {i;}. Then
fj(,] ) is bounded either by fi or by 1.

If fj(,] ) is bounded by ji, then we can write

[Lju

Where the fraction is to be interpreted pointwise and if fi(x) = 0 (so fi;»(x) = 0 too) then
we define the result to be 0.

On the other hand, if fj(,J) is bounded by 1, then we can write

Gy 1 ().
i = TLp~1] > v
jel[Lp=11]

Recall that *;; 4, ( fl(j ), ey f,gj )) is linear in each argument. Therefore, substituting the two
equations above into the definition of ¢, and pulling the sums and coefficients % and ﬁ out

by linearity, we have written ¢ as a weighted sum of vertices of ®’. The sum has L9 [Lpflwq'
terms, where ¢ is the number of functions bounded by i and ¢’ the number bounded by 1.
Each term in the sum has the same coefficient L~ [Lpflwfq/, so that this weighted sum is a
convex combination and we proved ¢ € @' O

9. THE FINAL PROBABILISTIC ESTIMATE

In this section, we finally show that, assuming some moment bounds, it is likely that
‘([L - 1,gb>‘ < ¢ for all ¢ € 9.

This proof looks quite similar to the corresponding statement from the proof of Theorem 15
in Section 5. As before, it is enough to prove anti-correlation for vertices of . And as before,
we split the anti-correlation into anti-correlation with ¢*™2!!(z) and the remaining ¢,

Much as in Section 5, we can show that (ji — 1, $"®) is small by applying some moment
bounds. However, proving (ji — 1, ¢*™a!!) is small requires some new ideas. There are two
reasons for this: first, the entries of i are not independent random variables, and second, in
order to describe a vertex of ¢ we first need to reveal some entries of ji.
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In the case when X is an e-deletion of X, we have that y and i are equal in most components.
Therefore, we show that it suffices to prove (i — 1, ¢! is small. We then show that this
holds as this inner product is a sum of independent mean zero random variables. It turns out
we do not need to reveal many entries of pu in order to describe ¢. We give more details of
why this is later, but the idea is as follows.

Given a vertex ¢ of ®’, recall that ¢ is a product of some at most d functions which are
{1, L, v1, - - Vppp-1) f-anti-uniform. Therefore, with Notation 20, we have that |Qs| <
d(k — 1), and hence that Y (¢) is a small subset of [n]. The idea is to split the inner product
(p — 1, ¢! into the contribution from Y (¢), which we can bound using moment bounds,
and the contribution from the remainder, which we can bound using Bernstein’s inequality.
We do this latter bound in the next lemma. That is, we now show how to apply Bernstein’s
inequality to the contributions not from Y ().

Lemma 22. Let us be in Setting 2. Given d be a positive integer, and § > 0, let C' =
100¢%?dké=2. If L > 16C and the C-conditions are satisfied in Setting 2, then with probability
at least 1 — exp( — 1—10521)71) over the uniform and independent choices of X = [n],, and
Xu o 0] = {1,...,L}, and x1 : [n] = {1,...,[Lp~ 1]}, the following holds. For any given
X C X, let us use Notation 20. For each vertex ¢ of ®', we have

(12) (=1, 1([0] \ Y (9)))] < 0.

Something we need to be a little careful about in the above statement is that in order to
know any vertices of ®’, we need to reveal all of u (because ® depends on f1). We actually
show the above bound for vertices of ®(py,...,ur,v1,..., V"Lpfl])d, and deduce the required
statement for ®’.

Proof. By Chernoff’s inequality and by doing a union bound, we get that with probability at
least 1 — 2Lp~!exp ( — ﬁpn) each part of the u-colouring of [n] has size at most %, and
each part of the 1-colouring has size at most 2’%. Suppose this likely event occurs, and reveal
the p- and 1-colourings x,, and xi.

Without revealing X, we know that every vertex ¢ of ® has a revealed part Y (¢) which
is the union of some at most d(k — 1) parts of the u-colouring. We can therefore prove the
lemma by a union bound over the possible choices of Y'; which is, over the choices of at most
d(k — 1)-many p-colours of [L].

Let @ be a set of at most d(k — 1) colours in [L], and let Y be the union of the parts of the
p-colouring that are mapped to Q. We can now consider the random variable X NY (where Y
is fixed and X needs to be sampled). By Chernoff’s inequality and by doing a union bound, we
obtain that with probability at least 1—|Q] exp (— %pn), for each ¢ € ) the number of elements
of X with p-colour ¢ is at most 2%". Suppose that this likely event occurs, and reveal X NY.
We now can define the set W(Q) of {x; : j € Q} U {v1,...,v[pp-11}-extreme anti-uniform
functions. For this proof only, let us denote with Hg = {y; : j € Q} U{v1,...,vip-11}

We can upper bound |¥(Q)| as follows. First consider that by definition every vertex of
U(Q) is either in ¥, or of the form *;.(f1,..., fx) where fi,..., fi are Hg-extreme. By
definition, f; is Hg-extreme if there is hj € Hg such that for every x € [n] we have either
f(z) =0 or f(z) = h(x). Therefore, to upper bound |¥(Q)| we can consider that every H-
extreme anti-uniform function can be in X, or of the form %; ,(f1, ..., fz) obtained as follows.
We first select w € € and a sequence of kK — 1 bounding functions hq, ..., hy from H; we then

choose for each bounding function hj, from the at most 2%" non-zero entries, the non-zero



A TRANSFERENCE PRINCIPLE AND A COUNTING LEMMA FOR SPARSE HYPERGRAPHS 23

entries of f; (which by definition of ‘extreme’ are equal to the corresponding entries of h;).
The total number of elements of ¥(Q) is therefore is at most

2pn
B[+ Q2L 2L D)

We now select a function ¢ which is a product of at most d elements of ¥(Q). The number
of possible choices for ¢ is at most

d(‘Q’(QLp_l)k_l . 2%(’“*1) + ’E‘) < d(sz—l)d(k—1)252pn/162%d(k71) )

By definition, the entries of ¢! 1([n] \ Y(¢)) are in [-2¢%,2¢?], and only the entries
outside Y (¢) can be non-zero. Thus, the quantity

(n—1,¢" 1([n] \ Y(9)))

is a sum of n — |Y(¢)| < n independent random variables
L@ eX)p™ —1)e

where the number ¢, = ¢ (z) - 1(z € [n] \ Y(¢)) is in [-2¢%,2¢%]. Since the probability of

. . _opd
x € X is p, these random variables all have mean zero, and are bounded between % and

%%dp_l. It remains to calculate the variance. We have

Var(Lz € X)p~' = 1) =pp~ ' = 1> + (1 =p)(-1)* =p~ ' =1 <p~ !,
so that the variance of each of our random variables is at most 4Czd pt

By Bernstein’s inequality (Lemma 6), the probability that when we reveal X \ Y (¢) we get
(=1, 1([n] \ Y (9)))| 2 0

is at most

52/2
2p~16/(3n) + n‘lﬁ—idp_l
Taking a union bound over the choices of ¢, the probability that there exists any product
¢ of at most d elements of ¥(Q) with

(= 1,6 1([n] \ Y (9)))] > &

2 exp ( — > < 2exp ( — 16};2015237”) .

is at most
4pn
d(QLp_l)d(k_l) -27L d(k—1)+6%pn/16 2 exp ( — 16%52]9”) +d(k—-1) exp(—%pn) .

Finally, taking a union bound over the choices of @), the probability that there exists ) and
a product ¢ of at most d elements of ¥(Q) such that

(=1, 1([n] \ Y (9)))] > 6

1S at most

_ _ apn Lo 1y <o -
2Ld(2Lp 1)d(k D . g7p dk=1)90%pn/16 | 4dexp ( — @(ﬁpn) <exp ( — ﬁézpn) ,

where the final inequality is by choice of L and since pn > 100?46 ~2dk log n.

Suppose now that X is such that this unlikely event does not occur. Given X , We can now
calculate the polytope ®. Let ¢ be a vertex of this polytope: then ¢ is a product of at most
d extreme restricted anti-uniform functions. Letting () be the set of u-colours bounding ¢,
we see ¢ is a product of at most d members of ¥(Q), because for each j the function fi; is
pointwise either equal to p; or equal to zero. The lemma statement follows. O
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There is a last anti-correlation lemma we need. But before introducing that, we state a
moment bound lemma (Lemma 23) which is needed in its proof. The proof of Lemma 23 is
left for a later section.

Lemma 23. Given § > 0, and d' an even positive integer, there exists Lo such that, if
L > Ly, then there exist C' such that, if the C-conditions are satisfied in Setting 2, then with
probability at least 1 —3exp(—%52pn) over the choice of X = [n],, the following happens. With
probability at least 0.9 over the choice of x,, : [n] — [L] and x1 : [n] — [[Lp~']] independent
and uniform at random, there is a 8-deletion X of X such that the following happens. Let
us use Notation 20. For any 1 < £ < d' and 1 an largest anti-uniform functional in either

(I)(ia7 1)6 or @(ﬁlv ey L VT Z/prfl-\){
() <2¢8  and  (1,4) <25

In addition, if ¥ is any largest anti-uniform functional in ®(f1,. .., AL, Vi, .., V(Lp_l])e, and
1<j<Land1<j <[Lp~'] then we have

(g ) <2¢5 and  (vj,) < 2.

We are now in a position to state and prove the final anti-correlation lemma we need:
Lemma 24. The main probabilistic inputs to this lemma are the above Lemma 22 and the
moment bounds Lemma 23, which we prove in a following section.

Lemma 24. Let us be in Setting 2. Given d,d' positive integers with d' even, given € > 0,
there exist Lo such that, if L > Lg, there exists C' such that, if the C-conditions are satisfied
in Setting 2, then with probability at least 1 — exp ( — %) over the choice of X = [n]p, there
is an e-deletion X of X such that the following happens. There exist functions x,, : [n] — [L]
and x1 : [n] — [Lp~'] such that, using Notation 20, we have (i — 1,¢) < ¢ for all ¢ €
D(fi, ..., fiL, V1. - ,I/[Lp_q)d. In addition, for all ¢ € ®(f1,1), we have |(fi, )|, |(1, )| < 2¢c
and (fi, p*), (1,67 < 27

Proof. In this proof, let us use the notation H = {/11,...,ﬂL,yl,...,y(Lpfq} and H =
{Ml, e s ULy Vs e e ey V(Lp—l]}'

Given d,d',e > 0 with d’ even, we set § = 55 and d" = max(d’,d(1 + [log, % ). Let
Ly = 1600c*¢dks—2, which guarantees that if L > Lo, then it satisfies the conditions for
Lemma 22 with input §. Let C be large enough for Lemma 23 and Lemma 22. Without loss
of generality we assume C' > 16d6~2 and that the C-conditions are satisfied.

Chernoft’s inequality tells us that with probability at least 1 —exp (— %pn), the set X = [n],
has at most 2pn elements. Moreover, Lemma 22, with input ¢, tells us that with probability
(over the product probability space of [n], and the p- and 1-colourings) at least 1—exp (1—1052])71)
we have, for each vertex ¢ € @', the following inequality holds:

(13) (= 1,6™ - 1([n] \ Y ()))] < 6.

In particular, with probability at least 1 — exp (%52}071) over [n]p, the probability of the p-
and 1-colourings having this property is at least 0.9.

In addition, because of the conditions on L and d” and C, Lemma 23 tells us that with
probability at least 1 — exp ( — §6%pn) (over the choice of [n]p), the set X = [n], has the

following property. There exists a d-deletion X of X such that we have, with probability at
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least 0.9 (over the random choice of x, and x1) that for any 1 < ¢ < d” and ¢’ a H-largest

anti-uniform functional in (ID(H)K, and 1 < j < L, it holds
(14) (i, '), (i, ), (1,9) < 2.

Suppose now that X is such that all three likely events occur, which by the union bound has
probability at least

1—exp ( — %pn) — exp (2—1052pn) — exp (%52pn) >1—exp (%62pn) .
Fix X a d-deletion witnessing the likely event occurring. The probability that the p- and 1-
colourings are such that their likely events occur is by the union bound at least 0.8. Suppose

this likely event occurs: this gives us that there exist x, and x; as in the lemma statement.
We next establish the anti-correlation claimed in the lemma.

Claim 25. For each H-largest anti-uniform functional 1 € ® and each j € [L], we have

(15) (fij, ¥) < 27,
(16) (f,"'8) <4,
(17) (1,9") <.

Proof. Equation (15) is immediate from (14) taking ¢’ = ¢ with ¢ < d and using ¢ > 1.
For the remaining two equations, choose ¢ minimal such that v is a H-largest anti-uniform
functional in ®(H)¢, and note ¢ < d. Let a = [log, %L and note (1+a)l < (14 a)d <d.
For (16), observe that by definition of H-largest anti-uniform functional (with this specific
H), if ¢ # 0 for some x then ¥ (z) > 2¢%. It follows that

(i1, ) - (2¢1)* < (@, (p8)F) < (i, ') < 20O
where the final inequality is by (14) with /' = ¥'*®. By choice of a, we have the upper bound

2c(1t0)(2¢) = < § giving (16). Swapping 1 for i in the above calculation establishes (17).
O

By Lemma 9, the maximum maxgeq (i — 1, ¢>‘ is attained in one of the vertices of @'
By central symmetry in the definition of ® and linearity of the inner product, the maximum
value of |(f — 1, ¢>| over @’ is also an extremal value of |(fi — 1,¢)| over the vertices of ®’
which are products of d restricted anti-uniform functions (and not their opposites).

Let us therefore fix such a vertex ¢ in @', and let Y = Y (¢). Our goal is to show that
|{(i — 1,¢)| < e. We use linearity of the inner product and the triangle inequality to split this
up. Write i/ = gl([n]\Y) and " = p1(Y); define similarly p/, ¢ and 1" and 1”. We obtain

(= 1,0)] < [(7' =1, )] + (" = 1",6)|.
We can further split the first term
(= 100 < [ = 16 -+ (= |+~ 1,00
Of these terms, (13) tells us that the first term is bounded by 4. Since ji and p differ in at most
dpn places, ' — i’ is equal to p~! in at most dpn places and otherwise equal to zero, while

1S bounded by 2c¢“, so the second term 1s at most = - p~ " - opn - 2¢™ = 2c¢”0. Splhitting
¢l is hounded by 2¢%, so th d term is at most 1 - p=1 - §pn - 2¢? = 2¢%5. Splitti
the third term

[ =1, 6P| < (i, 01%) + (1, 078) < (R, 67) + (1,067,

where in the final two inner products, all terms are non-negative.
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Returning to split
‘<IEL,/ - 1//7 d’)‘ < <ﬂ//7 (ZS) + <1”7 ¢> )

again all the terms in the inner products are non-negative. In particular, if v is any function
which is pointwise greater than or equal to ¢, replacing ¢ with v gives an upper bound on all
these non-negative inner products. Let 1 then be a largest restricted anti-uniform function
which is pointwise at least ¢. By (16), (17), we have (f,"®), (1,P8) < 4.

We apply (15) to obtain {fi;, 1) < 2c¢? where fi; is revealed by ¢, that is, lel(j) C Y. Recall
that the normalisation of fi; is p~ 'L, so that i’ = % Zj ft;, where the sum ranges over j with
Xll(j) C Y. This gives

~ cAd(k—
<M/7¢> S va = % E ,LL], = 2 d(Lk L .
J

Finally, we come to (1”,1)). Here we split ¢ = y*mall 4 oybi8 and write
<1//71/}> — <1// wsmall) + <1// wbig> < <1// wsmall> + <1 wbig>'
2d(k—1)n

To deal with the first term of this, observe that 1” takes the value 1 in at most =T
places, and zero elsewhere, while wsmau is bounded by 2¢?, so that the first inner product is at

most % . M 2¢t = MLkal). The second inner product is one we have already bounded,
using (17), by 6.

Putting the pieces together, we have
(i — 1, ¢)| < 6+ 2670 + 6 + 6 4 2dk=) | Actdlhol) 4 5 o

as required.

Finally, we need to prove the moment bounds required in the lemma. By Lemma 21, we have
D(f1,1) C ®(p1y- -+, Ly V1, - -+, ViLp-11), SO it suffices to prove the required moment bounds
hold for all ¢ in the latter polytope.

Consider the optimisation problem maxg(fi, %), over ¢ € ®(H). By Fact 9, the maximum
is attained at a vertex of ®(H). Since fi is a non-negative vector, the vertex in question is
a H-anti-uniform function ¢ (and not a negation). If ¢ € X, then since 0 < 1 < 1 we have
(f1,9) < (f1,1) < 2 since X has at most 2pn elements, which is sufficient. So we may assume
1 is not in . Again since [ is non-negative, we may assume this anti-uniform function
is pointwise maximised, in other words it is an H-largest anti-uniform functional in ®(H),
and therefore ¥ is an H-largest anti-uniform functional in O(H )d/. Applying (14), we have
(i, p™) < 2¢% as required.

A similar argument applies to the optimisation problem maxg |{f, ¢)|. Since ® is centrally
symmetric, the maximum is the same as for the linear problem maxg (i, ¢); as above, this is
attained for ¢ an H-largest anti-uniform functional in ®(H), and (14) gives (f,1) < 2¢ for
such functionals.

The same argument, replacing & with 1, gives the other required moment bounds. O

Finally, we are in a position to prove Theorem 18: at this stage, this simply amounts to
putting together the lemmas we showed in the last two sections.

Proof of Theorem 18. Given € > 0, let £; > 0 and d, d’ be returned by Lemma 19 for input e.
Without loss of generality, we may assume €7 < €. Note that d’ is guaranteed to be even. We
now input d, d’, and €1 to Lemma 24, which returns Lg, and, provided L > L also C.
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Now, assume that our setting satisfies the C-conditions. In particular, the conditions of
Lemma 24 are satisfied, so with probability at least 1 —exp (— %), the set X = [n], has an e;-
deletion X such that there exist Xu» X1 for which the following hold, with Notation 20. For all
¢ € @', we have (i1 — 1, ¢) < €1, and in addition for all ¢ € ®(fz,1) we have |(i1, ¢)], [(1, P)| <
2¢ and (i, ¢%), (1,¢%) < 2¢%. Suppose X satisfies the likely event, and fix X and Xy X1
witnessing this.

The inequalities |(fi, ¢)|, |(1,¢)| < 2¢ for all ¢ € ®(ji,1) are as required for Theorem 18,
while the inequalities (fi, %), (1, ¢%) < 2¢% for ¢ € ®(ji, 1) verify 2 of Lemma 19.

Applying Lemma 21, we have ®(fi,1)? C @', so in particular we obtain (i — 1,¢) < &
for all € ®(f1,1)%. This verifies 1 of Lemma 19, and hence we obtain the conclusion that
[(i—1,¢T)| < e forall ¢ € ®(ji,1). In addition, since ®(fi,1) C ®(f1,1)%, we have (i—1,¢) <
g1 < ¢ for all ¢ € ®(f1,1), which is the same as || — 1[|(z1) < €, completing the proof of
Theorem 18. g

It remains to prove Lemma 23.

10. MOMENT ESTIMATES

Ultimately, as per the reduction in Theorem 18, we seek that our random subset X contains,
outside of an event with exponentially small probability, a large subset X whose corresponding
functional i satisfies certain anti-correlation and moment bound properties with the functions
in the polytope ®’. In this section we show that these properties hold with a reasonably high
probability for X itself; we use this to prove that a subset with these properties X C X exists
with the required exponential probability in the next section.

To state the precise lemma, we need the following definition.

Definition ((g,d)-special product). Let us be in Setting 2. A (q,d)-special product is a
random functional ¥ : [n] — R obtained as the product of at most d convolution functions
*; 1(f1,. .., fx), in which each of the f; is either equal to the 1 function, or it is a scaled copy
of the random set [n], (having entries valued O or ¢=*). Moreover the copies of [n], in the prod-
uct comprising ¢ have the property that each is either identical to, or completely independent
from, any of the other copies of [n], used in 1.

The technical lemma we require is as follows.

Lemma 26. Let us be in Setting 2. Given d € N and o > 0, there exists a C such that
the following holds if the C-conditions are satisfied. Let q be at least C'log?* n=1. Then with
probability at least 1 — # over the sample of a (q,d")-special product 1, and over the choice of
X as a copy of [n]y which is either identical to a copy of [n]y in 1, or completely independent
from all copies, we have the following:

() < 2¢F and (1,94) < 2¢ .

Proof. Let C = (1 4 a)2k@/d+13k+d'okd®+8k — Ag o is a (¢, d’)-special product we have for
some d < d’ that ¢(z) = Hje[d] *ij71(f1(j), cel f,g])) for some i1,...,1q € [k] and some fe(]) that
are either equal to the 1 function, or to a scaled copy of independent random sets [n], (with
possibility of two functionals being the same, but all different samples taken independently).
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For such i; and fz(] ) we can therefore write explicitly

¥(@) ()IIZ:H

Jj=1s€S;, (:1:)@751]

It is helpful to refer to each of the terms in this summation individually. To this end we use
the following notation

d
Blass®, 5D =TT TT #2769
J=1L#
We require that with high probability (1,v) < 2¢% and (u, ) < 2¢% . Since we may assume

c > 1, it is enough to show that (1,7) < 2¢? and (u,) < 2¢?. To do so, we prove the
concentration of the following polynomials around their expectations. We have:

)Z S s, s@)

z€n] sWes; (x)
s(d)ESid (z)

> Z Z (:L')Q/A)(x;s(l),,,,,s(d))‘

z€[n] s(Meg,; L (@)

1=(1,¢)= <

s@es;  (z)
It is extremely important to notice that all of these terms make use of the same set of

functionals fe 2 (evaluated in different points of different edges). Thus, the difference between
terms is not given by a difference in functionals, which are always the same, but a different
in indices and hyperedges. This justifies the following notation: we denote by ! the number
of the d(k — 1) functions ff(] ) comprising ¢ (and thus each of the 1) that are copies of [n],,
and " = d(k — 1) — [ are copies of 1. Moreover, recalling that any copies of [n], must be
either identical or completely independent from each other, we denote by w < [ the number
of independent copies of [n], in 1. As mentioned above, it is important to keep in mind that
[,1" and w hold term-by term, as the functionals do not change in between terms.

Our plan now is to first calculate the expectation of Y3 and Y,. We then use Kim-Vu’s
inequality (Theorem 8) to prove the concentration. This result applies since we may form new
polynomials Y7, }7#, having the same value as Y7,Y),, but consisting of independent Bernoulli
random variables (as required by Theorem 8) by factoring out ¢~! from each {0,¢~!} valued
Bernoulli variable into a collective weight, and dropping any repeat copies of the now {0, 1}
valued Bernoulli variables within a configuration, we obtain the polynomials Y7, }7“ as required.
The details are as follows.

Observe that each term in Y; and in Y), corresponds to a tuple (s(l), cee s(d)) of d hyperedges
of S for which the iy, ...,i4-th vertices within the corresponding hyperedge are the same
element = € [n]. We thus refer to the terms within these polynomials as (linked hyper-edge)
configurations. Each configuration is completely determined by (s(1), ..., s(®).

Notice that each of the fy)(sy)) with r € [d],j € [k] \ {i+}, is a random variable taking

1

a value of 1 if f(") = 1 is the constant one function, or else ¢—! with a probability ¢, and 0
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with probability 1 — ¢, if f) is a copy of [n],. Since 9 is a (¢, d’)-special product, any two
of the random variables, fi'"(s\")) and f{ Z'A’)( {2))are dependent if and only if f\'"), £
are the same copy of [n], (if one of them is 1, or if they're two distinct copies of [n]g, they d

be independent) and s( ) ;.22) (every entry of [n], is selected independently). In this

(i1) (i2)

case, they are identical. The second condition s = s

J1 J2
s(1) s(2) overlapping on their ji-th and jo-th elements respectively. We again point out
that the number of independent variables in each configuration is not given by any choice of
functionals (which are always the same), but rather by how much the corresponding hyperedges
of the configuration intersect one another (thus possibly allowing for two identical functionals

to be evaluated at the same value).

corresponds to the hyperedges

We first calculate the quantities E(Y7),E(Y,) whose concentration we wish to establish.
Let us consider the polynomial Y;. We want to calculate E(Y7) applying the linearity of
expectation and summing the contribution from each edge conﬁguratlon As mentioned above,

7)

every term of Y7 makes use of always the same functions fe which never change. Thus, in

Y1, the number of independent variables fj ( y)) within a configuration is at least max(k —
1, +w) and at most d(k—1). The lower bound k — 1 holds since each hyperedge s contains
k distinct elements of [n], so for any fixed r € [d], the set {f;r)(sy))},j € [k]\ {iu} is a set
of mutually independent (possibly constant) random variables. The lower bound I’ 4+ w, holds
because, as mentioned above, each term comprises of I’ + w independent random functionals
(evaluated at some of their points, possibly the same). That is, if {f®1) ... ,f(“w+l’)} is a
maximal independent set of functionals —containing w independent copies of [n], and I’ copies
of constant 1— for ¢ (and thus for the specific term we are considering) then any set of random
variables formed taking one argument from each of these, is a set of mutually independent
variables. Note for E(Y},) the corresponding bounds are max(k —1,!'+w)+1 and d(k—1)+1
since pu(x) contributes one variable independent from all the others.

For E(Y1), suppose that, in a given configuration the edges are such that ¢ of the variables
are mutually independent with max(k — 1,I' + w) < t < d(k — 1). The number of repeat
{0, ¢~ }-valued Bernoulli variables is then d(k — 1) — ¢, each of which contributes an extra
factor of ¢~! to the expectation of this configuration. To see this, consider the product of s
such identical variables Z = ;... xs. We have that Z takes value ¢7° with probability ¢ and
0 otherwise, so E(Z) = ¢~ =, whereas the expectation of each of the z; is 1.

To calculate the expectation of Y7, it is therefore enough to enumerate the configurations
having the same number ¢ of independent variables. To this end, let S(¢,t,z) C S,l( ) X

Siy(2) x ... x S; () be those d-tuples (s, s2) ... s@)in Wthh exactly ¢ of the {f ( @ ))}
are mutually independent (counting also those for which fj is the constant functional 1),

and let a(y,t,x) = |S(¢,t,z)|. For the sake of notational brevity, let ¢ = d(k — 1) and
a = max(k — 1,I' + w). We have

E(Y:) = ( )Z S (@ H T Day,tx).

z€[n] a<t<t!

Note that E(Y;) = E(Y,) as p(x) is independent from all other variables within a given
configuration, since the k elements in each edge s of S are distinct; therefore the argument
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of p does not occur as the argument of any other f;l) within this configuration, and for any
x € [n] we have that p(z) contributes an expectation factor of E(u(x)) = 1.

To obtain an upper bound for «(v, t, z) with a < t < t/, first note that when t = ¢ = d(k—1),
we may take the crude upper bound fixing only x in each S;(x), thus a(¢,d(k — 1),z) <

Hje[d] 1S ()] < (A? < (C%S))d. If the number of independent variables ¢ is less than
d(k — 1) in a conﬁguration we have at least two random variables that are identical, say
fj(lzl)( ) fj(;z ( ) ) Note that this can only occur if s§ D = sg-?). Thus, in order to have
pre(nsely t independent variables in the configuration (s W @ s(d)) € S(¢,t,x), it must
be that the union of underlying hyperedges, Uie[d}s(i), together covers at most t vertices other
than x. But this calculation is exactly what is given by Lemma 16 setting i = (i1, ...,74) and

forgiving the horrible notation a(1), ¢, z) < a(i, t,z) (which is only needed here). We therefore
obtain:

n N1 ) ' —t)
(e(S ) Z Z (¥, )
xe[n] a<t<t’
n . n \d1 _ _
_<6<S> it ()T S W etk
z€(n| J:E[n | a<t<t'—1
< Ay Z (q—l)(t’—t)2kd20dtdc—(t —t)qf/—t
k—1<t<t'—1
— 44 2kd26d Z do—t'=1)
a<t<t'—1
e N (A o
1<s<t'—a

< ¢4 2P (i d) DO < A1 4 k) < 3¢d)2.

Where the last line follows because of our lower bound on C.

We now advise the reader to familiarise themselves with the notation of Kim-Vu’s inequality
(Theorem 8), which we now want to apply. It is not difficult to see, as claimed above, that Y7
is a polynomial in random variables exactly as the one studied by Kim-Vu’s inequality (up to
a scaling factor). We use here the notation introduced for Kim-Vu’s inequality.

Consider now the calculation for E;(Y7) with ¢ > 1. Suppose we fix the variables A C
{£z) - u € [d],j € [K]\ {iu}, @ € [n]}. Note that if we have fi"(a), i) (b) € A with
a # b then the expectation is 0 since no term in the sum contains both. Thus, also E;(Y1) =
0 whenever i > d(k — 1), and we may equivalently describe any subset of variables A for

which E(Y7 ) is non-vanishing, by specifying the elements s( D

held fixed in the corresponding
functions f]( in ¢. To this end, we introduce the following notation. Write m; for the vector

of length k, and whose entries may be empty, for the elements sg-i) held fixed in s®. Let m; be
the number of non-empty elements in m; and M = ) m; <[ (the total number of elements

held fixed). For instance, suppose ¢ = *i1,1(f1(1), e 151)) cookig 1(d), e ,gd)) and we fix
fl(l)(sgl)), ,il)(sg)), f1(2)(s§2)), with all other variables allowed to vary. Then letting x denote
the empty element, we have m; = (sgl),*,. S * s,(gl))7 me = (552),*, ...,x) and for all other

3 < j <1, my is the empty vector of length k. Write M = (my, ..., mgq) for the collection of
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m; and Hyg for the truncated polynomial retaining those configurations fixing M. We use the
notation S(m) for the collection of hyperedges fixing m, and S;(z; m) for the set of hyperedges
with z in the i-th position, and the elements of the m in the positions in which they occur.
Note that wherever we use this notation, we have m empty in the i-th position, so there is no
potential conflict here. Recalling that [ is the number of copies of [n], in ¥, let I = I(M) be
the number of these whose entries are fixed in M. In this notation, the truncated polynomial
H; v fixing my, ..., mgq in the edges s, .., s takes the form

-l d
q n
(18) Hinm = (e(S)> Z 91() g ()
z€[n] s(1eSy (x;my)
s(d)ES.d”( m,

z;mq)

where we have omitted explicitly writing any variables corresponding to constant one functions
since it does not change the value of the polynomial. gi(-)...g—n(-) denote only the | — M
unfixed variables f]@(-) where f]@ is a copy of [n], and - the appropriate element x € [n] at
which it is evaluated within the configuration.

In this form, it is clear that fixing additional constant-one valued variables decreases the
polynomial expectation since it only amounts to dropping terms, each having a strictly positive
expectation. Specifically given any M, if M’ fixes all the elements of M, along with elements

sgil), cee Sg.i“) for which the corresponding fj(lil), cee fj(ja) are all constant-one valued, then the
polynomial Hyy retains only those configurations (if any) of Hyy which fix also sgil), .. ,sg-i“)
in s(1), ... sla) respectively and so E(Hyy) > E(Hyy). We may therefore assume that no

constant-one variables are fixed for the purpose of maximising E;(Y71) to apply Theorem 8.
Recalling that ¢ has [ of its d(k — 1) comprising functions being copies of [n], and the rest
being constant one, we are interested only in E;(Y7) with 1 < ¢ < [. In general, the greater
the number i of 0,¢~! valued variables being fixed, the larger the premultiplying coefficient
q~'. However, fixing these variables also reduces the number of contributing configurations
by a factor of order (C~1q)! < ¢* (arising from the maximum co-degree condition), meaning

an overall reduction in E;(Y7) with greater i. Moreover, where a fixed variable corresponds

to an f]@ which is identical to an unfixed copy of [n],, there is a further reduction from

the interdependence. Although in almost all configurations, the arguments for these indicator

functions differs and thus the corresponding variables are independent. In this way one expects

that E;(Y7) is greatest for i = 1, decreasing by a factor of about C~! per variable fixed.
Recalling 1 < M <1. When M =1,
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Fithan) = qnez<<>>d( > <T(fm) X

s 1>ESZ-1 (z;my) s(MeS(my)
sPes; ( (1 >Ir12)

i1

s(d>€S¢d(:(3;md)
s(des; ( ( )md)

i1

—1 d
q n
S 7 . <@(S)> AmlAmz—O—l e Amd—l-l
- d d _ _
' (o (A= (M+d=1)  (M-+d-1)~d e(8)\* _ ¢ et
—n e(S) n - n
dCfl
= log?F(n)
Thus, E;(Y7) < %. Otherwise, M < [ and within each configuration in Hyj there
are [ — M Bernoulli-{0, ¢~ '} variables, which may or may not be independent. As with the
calculation for E(Y7), we allow that any configuration fixing my, ..., mg in s 5@ may

result in precisely ¢t € [l — M] of the g;(-) being mutually independent. We follow a similar
approach to that for Eg(Y7), counting configurations which have the same number of mutually
independent g;(-). Note first that

E(HiMm) = (- < > 2 Z Egi(-)...gm—1(:)

z€n] sMeg; | (zmy)

s(‘”ES,d(m,md)

an(e(g)> Z Z Eg1(-) .- gm—i(t) -

sWeS(my) s eg; 5 (s E )) ;mg)

(d)eszd( El)imd)

For a given s() € S(my), let a3, M, ¢, s()) be the size of the set (¢, M, ¢, s(M)) C {s(V} x
Siy(sM;mg) x ... x S;,(s™V;mg) for which ¢ of the g;(-) are mutually independent. The
expectation of the product g;(-)...g_as(-) for such a configuration is ¢~ ¢=M=%. We have

k—1 2(k—1) —r
Oé(?/),M,t,S(l))S Z <( T ))Am2+1+r2< ( ) 2>Am3+1+r3 :

T3
ro+...+rq
=l-M-—t

d—2)(k—1)-Y, i
'<< I >sz@e[d_u\{1} )Amdﬂ_m

< 2kd2(l M t)d—lcd—lc—l+t+m1ql—t—m1 (@(S))d—l '
n

Thus
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q n \4 —(—M—t)okd? d—1_d—1
E(HLM)ST< ) ST Mgk g gyl
sWeS(m;y) te[l—M]

L bt gty (6(5)>d*1
0" a2
< 72kd (l . M)dcdclfM
n
Cd2kd2 (l _ M)dC_M
log?*(n) '
Hence, for M > 1, E(Hyp) is maximised when M = 1. Using the notation as in Theorem 8

dokd? de—1
/ c®2ke” (1—-1)eC c?
we have E (Yl) S log%(n) ~ ksklogzk(n)

E/(Yl) L1l< Eo(Yl) = E(Yl)
Using (Theorem 8) we have

P[[Y1 — Eo(Y1)| > (8% - K1V2)(E(Y1)E'(Y1))/2\F] = O(el-AT (k=D log(n))y

To achieve the concentration we require, take A = k(1 4+ a)log(n). It then follows that we
have e(~(k—1log(n)) < —(ak+1)log(n) < n}W We then have

and using the lower bound for ¢ and C'. Clearly

302d
2k3k10g2k (n)
< 2¢98% (1 + a)*.

(8% K1/2) (E()E (V1) V20F < (85 1) ( )1/2(l<:(1 + o) log(n))*

We now turn to the concentration of Y,, = (u,v). Observe first that since the argument

of u is distinct from the argument of any other fjm within a configuration, then u(z) is
independent of all other variables in the configuration. Since E(u(z)) =1 for any x, we have
Eo(Y,) = Eo(Y1) < 3/2.

For any subset A of variables that we fix in Y7 to calculate E4(Y7), we have E(Y7,) =
Ea(Y,,) and for a fixed z € [n] and B = AU{u(z)}, we have E(Y, ;) < E(Y,,,) since we merely
sum the same expectations over fewer configurations. Thus, EZ-(YH) is maximised for ¢ =1 as
for E;(Y1). Note that if A = {f](z)(sy))} then E(Y7,) =E(Y,,). If A= {u(x)} for some fixed
x € [n] then the calculation E(Y7,) proceeds just as for Eg(Y1) except with the summation
over x € [n| dropped. That is, for A = {u(x)}, we have E4(Y,,) < 3/2n < %2kd2ldcd, thus
the upper bound for E'(Y7) holds for E'(Y},) also, and the concentration obtained from the
Kim-Vu inequality applies.

O

We deduce the following corollary.

Corollary 27. Given d positive integer, there exist C and Lo such that, if the C-conditions
are satisfied in Setting 2 and L > Lo, then with high probability over the choice of X = [n]p,
and independently x,, : [n] = {1,..., L} uniformly at random, and independently x1 : [n] —
{1,...,[Lp~ Y1} uniformly at random, the following holds. Let us use Notation 20. For any
1 < ¢ < dand alargest anti-uniform functional in ®(p, 1)¢ or ®(u1, ..., pr, v, . .. 77/[Lp—1‘|)é.

(i, ) < 2¢° and  (1,7) < 2.
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In addition, if ¢ is any largest anti-uniform functional in ®(u1,...,ue,v1,. .., V"Lpfq)z, and
1<j<Landl<j <[Lp~'] then we have

(pj, ) <2¢° and (v, ) <2

The idea of the proof is to take a union bound over choices of ¢ and j, of which there are
only polynomially many, and use Lemma 26 to obtain the correlation bounds.

The only place where we need to be a bit careful is that the p; are not independent; and
similarly the v;. We find some related functions fi; and ©; which are independent and to
which we apply Lemma 26, and deduce the required correlation bounds from these.

Proof. Let H = {p1,..., i, V1, ..., V[[p-11}, let a be such that both dk? - 2(k_1)dn—(1m and
dkd(2Lp*1)d(k*1)+1m% are o(1). Let C be large enough so that Lemma 26 works for the
choice ¢ = p, o, and d' = d. Assume the C-conditions are satisfied.

We first establish bounds on (i, %) and (1,%) for 1 € ®(u,1)*. Given 1 < £ < d, if ¥
is a largest anti-uniform functional in ®(u, 1), then ¢ = H§:1 *i;1(fj15- 5 fik—1), where
1 <i; <k for each j and each f; j is either o or 1. For any such function, the probability of

(pp) >2¢ or  (1,4) > 2

is, by Lemma 26, at most W% Taking the union bound over the at most dk? - 2= choices
of £, i; and f;;, we see that the probability of any of these events occurring is at most
dk® 2(’“_1)‘1#, which is o(1) because of our choice of a.

We now establish corresponding bounds on (uj,%) and (v,1). Observe that, as before, we
can describe any largest anti-uniform functional ¢ in ®(H)* as follows. We choose i1, ..., i,
and for each of the ¢(k — 1) functions in the product, we must choose one of H. Finally, to
describe the entire inner product, we must choose the left term in the inner product (either
pj or v;) from H. In total, the number of choices is at most dk4(2Lp~1)dF=D+1,

Fix now one such set of choices. Let T denote a collection of d(k — 1) + 1 indices in [L]
such that p; is one of the chosen functions for each t € T, and T” a subset of [[Lp~!]] of size
d(k — 1) such that 14 is chosen for each ¢t € T".

Consider the following random experiment. For each t € T, we first generate independent
binomial random subsets Z; = [n],, with 0 < ¢ < 1 chosen such that (1 — "l =1-— t%. We
now obtain sets Zj for t € T as follows. For each = € | J,cp Z; independently, pick ¢ uniformly
at random from the set {t: = € Z;}, and let = € Z].

By definition of g, for a given = € [n] the probability that z € (J,cr Z¢ is %p, and conditioning
on this event occurring, the events x € Z; are disjoint over ¢t € T, and x is equally likely to
appear in any given Z; for t € T, so that probability of x € Z; is £. Observe that this
is the same probability as the event that v € X and x,(x) = t, which are also disjoint
events over t € T'. It follows that the distribution of (Z;);cr is the same as the distribution of
(XN{z : xu(x) = t})ier, so we can consider the coupling in which the latter sets are generated
according to the above random experiment.

Let ji;(z) = ¢ 1 (x € Z;). By construction, we have 0 < ju;(z) < Lp~qfis(w).

We now perform a similar, independent, random experiment. For each t € T, we generate
independently W; = [n], where ¢ is as defined above. Letting now 0 < ¢’ < 1solve (1—¢')IT"l =
1 —tﬁ, we observe ¢ < gq. We generate W’ by sampling the elements of W; independently

with probability %,, so that the W/ are independent copies of [n]y,. Finally, we generate WY
by, as above, picking ¢ from {t : x € W/} independently and uniformly and letting = € W}.
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As before, the distribution of (WY )er~ is identical to the distribution of ({z : x1(x) = t})ter
and we consider the coupling in which the latter sets are generated by the above random
experiment. Letting 74(z) = ¢~ 1 (x € Wy), we have 0 < 14(z) < [Lp~1]qin(x).

Let 1& denote the function obtained by replacing each u; with [ for ¢t € T', and each 14 with
Uy for t € T, in the product defining 1. Then we have

(i, ) < ([Lp~ @)D+ (s by and  (vj, ) < ([Lp~Hq) ™ F=DH(5;,4) .

Now, zﬁ is a (¢, d)-special product. Assume C' is also large enough that so that Lemma 26
holds for d' = d, our a, and q = q.

<ﬂjvz/}> > %Cé and <l>ja"/;> > %Cé
each have probability at most m% by Lemma 26. Since %(H/p_l](J)al(k_l)Jrl < 2, the same
probability bounds hold on the events

(js ) > 2" and  (vj,9) > 2¢".

Finally taking the union bound, the probability that any one of these events fails is o(1) by
our choice of a.

Suppose that none of the above bad events occur. We deduce, deterministically, the re-
maining bounds of Corollary 27. We begin with 1 < ¢ < d and @ € ®(H)", for which we
have

1=1 i=1
Similarly, we have
[Lp~ '] [Lp~1]
<17'¢> = "LTlfl] Z <l/ia1/}> S "Lplfl*l Z 2Cé = 2C€ . O
i=1 i=1

11. DELETION METHOD

11.1. A general deletion method. In this section we prove that the required X satisfying
moment estimates exists with exponentially small failure probability. This follows from the
Harris inequality. Recall that a subset D of P([n]) is called decreasing if whenever S’ C S € D
we have S’ € D, and increasing if the same statement holds with C replaced by D.

Theorem 28 (Harris [11]). For any p € [0,1] and n, let A and B be two subsets of P([n]),
which are both decreasing. Then

B(n], € ANB) > P([n], € AP([n], € B).

Spohel, Steger and Warnke [17] deduced the following theorem. They state their result for

the specific case [n] = ([TQ”]) (i.e. for the random graph), but their proof works verbatim in the
more general situation. For completeness, we give the details.

Theorem 29 (|17, Theorem 4]). Let D be a decreasing subset of P([n]). Given o, d € (0,1], let
€ (0,1] be such that P([n], € D) > 8. Then with probability at least 1 — ' exp (— %oﬂpn),
there is a subset of [n], with at least (1 — a)pn elements which is in D.
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Proof. Let T be the subset of P([n]) consisting of sets with at least (1 — «)pn elements. Let S
be the subset of sets S € P([n]) such that S has a subset in Z N D, which is clearly increasing,
so S is decreasing. By Theorem 28, we have P([n], € S)P([n], € D) < P([n], € SN D).
Rearranging, and observing SND C T, we get

P([n], e SND)

P(Iy € 5) = P([n], € D)

<5 'P(nl, 7).

Chernoff’s inequality now gives P([n]p € f) < exp ( — %oazpn), which gives the required
probability bound. 0

We now have the tools to prove the last remaining Lemma, i.e. Lemma 23.

Proof of Lemma 23. We are in Setting 2. Let C' and L be large enough so that Corollary 27
works for our choice of d = d’. Assume the C-conditions are satisfied.

Let D C P([n]) be the set of subsets Y C [n] satisfying the following. Letting u(z) =
p~tl(z € Y), for uniform random choices of X and X1, with probability at least 0.9, for all
1 < ¢ < d and all largest anti-uniform functionals ¢ either in the set ®(u, 1)’ or in the set

(1, .o  por, V1, - ,I/[Lp_q)é, we have
() <2¢8 and  (1,9) < 2¢°.

In addition, if ¢ is any largest anti-uniform functional in ®(H)’, and 1 <j < L and 1 < j' <
[Lp~!] then we have

(i )y <2¢8 and (v, e) < 2.
Observe that since all the left hand sides of these conditions are increasing in X, the event D
is a decreasing event. Furthermore, Corollary 27 states that P(D) =1 — o(1) > 3.

We now apply Theorem 29 with this D, with o = %5, and with P(D) > %, to deduce that
with probability at least 1 — 2exp ( — %(52pn) there is a subset X of X which is in D and
which has at least ( — %5)pn elements. Additionally, the probability that [n], has more than
(1 + %5)pn elements is by Theorem 5 at most exp ( — %52]011). Suppose that X satisfies both
conditions, which occurs with probability at least 1 — 3exp ( - %(52pn) by the union bound.
Then |X \ X| < dpn as required. O

11.2. Transference Principle without Deletion. We are finally ready to prove items 1
and 2 of Theorem 3.

1 and 2 of Theorem 3. We are in Setting 2. We have that 1 follows immediately from 3 as an
g-good dense model for X provides an e-good lower dense model for X.

Let us now show how to get 2 from 3 in Theorem 3. First, we may assume without loss of
generality that Q = {0 =1 —w : w € N} is contained in 2. This is because this assumption
at most doubles the size of ), and therefore doesn’t affect the order of magnitude of its size.
Let C be large enough to guarantee that 3 works for ¢ = 555. Assume the C' conditions are
satisfied. Let X be a sample of [n], such that [{s € §:5 C X}| < (1+5)E[[{s € §:5C [n],}]
and such that X admits an 2k%—deletion X such that all subsets of X have an 2,fﬁ—good dense
model. This happens with probability at most 1 — 7, on the choice of X = [n],. Notice that
we have [{s € S :5 C X\ X}| < SE[[{s € S: s C [n]p}|] because of our upper bound on
[{s € S:5C X}| and because by Theorem 18 we have that 1 is a dense model of X. Let p

and fi be the p~! scaled indicator functions of X and X respectively.
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Let us now consider a subset Y of X. Let Y =Y N X, and let Y = X \ Y. Let f be the
scaled indicator function of Y. We use f for the complements in X.
Fix an arbitrary w € €0, and let w = 1 — w. We have the following.

(i1 i 1)) = s i s ) + (s %i0 - 1)

Consider now that we can split the set of edges of S contained in X by grouping together
edges depending on what are the indices corresponding to elements of Y and which to element

of Y.

(i i (s ) = Y (Eiriw(f, o £)
fe{f.f}*

Because Y is a subset of X, we can ask for an sirz-good dense model Zy of Y. Let g be
the scaled indicator function of its model Zy and define g as 1 — g. Because Zy is a good

model of Y we have || f — 9llar) < 5rrz- We therefore have:

€
S Mmoo B)) = > (g tiw(E, .. 8) £ 1
fe{f.f}* ge{g.g}k
We can substitute this to obtain the following;:

<ﬂ’ *i’l(’a7 o ,ﬂ)>2<ﬂ’ *i@(ﬂ’ ce 7[‘)> + <fa *i,w(f, ce ,f)) - <g, *i,w(g, R ,g)>
Z <gia *z’,w(gl, cey8k)) — E

ge{g,g}t"

+
N

Considering now that g + g = 1, and that, by Theorem 18 we have ||i — 1{|¢(3,1) < 552, We
obtain:

(i1 (o 1)) >y *i @ (- ooy 1) + (s *iw(fy oo £)) = (95 %iw(9, -+, 9))
i ki (o ) — o

O |

By cancelling out the terms (which we can do as 1 = w + @), we obtain:

(Frtialfsen D) < (g, wialgs o g)) + 5
Returning to the definition of inner product (i.e. noticing that by definition we have that
(foxiw(f,oo ) = % Y s w(s)1(s € Y) and similarly for fi and X, fand Y, and X and
u) we conclude. O

12. A SPARSE COUNTING LEMMA

In this section we prove Theorem 30. This turns out to be an application of Theorem 3,
together with a standard counting lemma for hypergraphs; most of what follows is simply
dealing with the somewhat complicated hypergraph regularity setup.

Let k be a positive integer. A k-complex is a down-closed hypergraph in which all edges
have size at most k. Given a k-complex H with at least k + 1 vertices, we define its k-density

as dp(H) := e’“((HH)) > Where ey (H) is the number of edges of size k in H, and v(H) denotes
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the number of vertices of H. We also define my(H) := maxy/c g di(H'), where the maximum
is taken over all sub-k-complexes H' of H with at least k& + 1 vertices.

Given a vertex set [N], a k-partition with £ clusters V) consists of a family of disjoint subsets
Vigy, - Vi € [N] called clusters, together with, for each integer 2 < ¢ < k and each subset
E C [{] of size i, a collection Vg of subsets of [N] of size i, called i-edges. These Vg must
satisfy the following compatibility condition: for every e € Vg and every j € E, the set e
intersects the cluster Vi;, in exactly one element, and the remaining ¢ — 1 elements of e form
an (i — 1)-edge in Vg ¢53. The supporting (i —1)-graph of Vg is the (i — 1)-uniform hypergraph
consisting of all (i — 1)-sets that arise in this way from some edge of V.

Let E C [¢] with |E| = ¢ > 2, and suppose Vg is given along with its supporting (i — 1)-
graphs Wy, ..., W;. For any subsets @1 C Wy,...,Q; € W;, define R(Q1,...,Q;) to be the
collection of i-element subsets of [N] that contain one element from each @);. In particular,
R(Wh,...,W;) contains Vg. If R(W1,...,W;) is nonempty, and given p € (0, 1], we define
respectively the relative density of Vi and the relative p-density of Vg as follows:

|VE| Vel

d*(Vg) := and d(Ve) = .
Ve) = TRow.....w) Ve = R, )

Finally, for singleton sets, we define d*(Vy;y) := [V [N~

Let E C [£] be a set of size ¢, with 2 < ¢ < k, and let p € (0,1]. Consider Vg and let
Wi, ..., W; denote the supporting (i—1)-graphs of Vg. We say that Vg is (e,r, p)-regular
with respect to its supporting (i—1)-graphs if the following holds. For any set R* of the form

R*=U_, R(QY, ..., Q) where Q¥ C W;, we have that if [R*| > ¢| R(W1, ..., W;)|, then

’VEQR*’
p|R¥|

If any of the parameters r, p, or both are omitted, they are understood to be equal to 1.

= d5(Vip) £ e

A k-partition is said to be (eg,e,dy, ..., dk,r,p)-reqular if the following conditions hold:
e TFor each i € [(], we have [V;| > d1V;
e For every E C [{] with 2 < |E| < k—1, the set Vg is e-regular with respect to its
supporting (| E| — 1)-graphs, and its relative density satisfies d*(Vg) > dg;
e For every E C [{] with |E| = k, the set Vg is (eg, 7, p)-regular with respect to its
supporting (k—1)-graphs, and its relative p-density satisfies d,(Ve) > dy.

Let H be a k-complex. An injective map ¢ : V(H) — [{] is called a k-complex homomor-
phism if for every edge e € E(H), the image ¢(e) has size |e|. That is, ¢ maps the vertices of
each edge to distinct cluster indices. Given a k-partition V with £ clusters over the vertex set
[N], amap ¢ : V(H) — [N] is said to be a ¢-partite copy of H in V if 9 is injective and for
every edge e € E(H ), the image 1(e) is an element of V).

We are finally ready to introduce the hypergraph counting result.

Theorem 30 (Counting lemma for sparse hypergraphs). Given k > 2, a fized k-complex H,
and & > 0, there exists e > 0 such that for any da,...,d; > 0 (with 1/d; € N)° there exist
e >0 and r € N such that for any di > 0 there exists C* with the following property. Suppose

5This condition is not necessary for any reason besides formality. We insert this for completeness as we use
in the proof [6, Lemma 4]. Any similar result without this condition would extend to our setting.
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that N is sufficiently large, and p > max (C*N*I, C*N*I/mk(H)). With high probability, the
random k-uniform hypergraph T' = G(¥) (N, p) has the following property.

Gien any k < ¢ < v(H) and (e, e,dq,...,dg,r,p)-reqgular k-partition V with ¢ clusters
on [N], such that for each E C [¢] with |E| = k we have Vg C T, and given any k-complex
homomorphism ¢ : v(H) — [{], the number of ¢-partite copies of H in 'V is

Q£HNE T & (Vae) -
ecE(H)

In the above theorem, we do allow for the possibility that some edges of H of uniformity
smaller than k£ are not contained in any k-edges of H; that is, H need not be just the down-
closure of a k-uniform hypergraph. This turns out to be required in some applications for
k > 3; for k = 2 this extra generality is not interesting.

The proof of Theorem 30 is conceptually divided in four steps. The first one, deals with the

special case where p = 1, H is the complete k-graph K f,lzl)q),

4]. The second step is to drop the assumption that H is the complete k-graph qul(?{)
the assumptions p = 1, and ¢ = v(H)). This step requires only a few lines of explanation,
which we now provide. Indeed, what |6, Lemma 4] allows us to do is to count ¢-partite copies
of the complete k-graph over v(H) in any given k-partition. Imagine now we want to count
¢-partite copies of H in the k-partition V for some H that is not the complete graph. What
we can do, is to form a new partition V' by adding all possible supported edges to V(e for
each e ¢ E(H). That is, for each such e, we let Vj () in V' consist of all k-sets supported by
the relevant lower-level graphs. Under this modification, the number of ¢-partite copies of H

and ¢ = v(H) is exactly |6, Lemma
(keeping

in V becomes equal to the number of ¢-partite copies of the complete k-graph Kilg}{) in V/,

which is counted precisely by [6, Lemma 4|. The next step is to drop the condition ¢ = v(H),
which requires a bit more care. The final step, dropping the condition p = 1, is where we
actually make use of our transference principle.

Proof of Theorem 30, p = 1. Let € > 0 be small enough for the ¢ = v(H) case of Theorem 30
with input %5 (which is given by our previous step and |6, Lemma 4|). Given da, ..., d; (such
that 1/d; € N), let € > 0 and r € N be returned by the ¢ = v(H) case for the same input.
Suppose v(H)N is sufficiently large for this case with a final input ﬁdl.

Given £ and V as in the statement of Theorem 30, let V' on vertex set [v(H)N] be obtained
from V by, for each i € [¢], taking ‘(ﬁ_l(i)‘ copies of Vi;, and adding all incident edges between
them. Note that the increased size of the vertex set is sufficient to contain all these copies.
Letting the clusters of V' be indexed by [v(H)], let ¢’ : V(H) — [v(H)] be an injective map
sending each = € V(H) to a copy of Vig()y-

Now, the ¢-partite copies of H in V and ¢’-partite copies of H in }’ are almost in one-to-one
correspondence: the difference is that some ¢’-partite copies of H in V' do not correspond to
injective maps to V. However, there can be at most (”g{)) (v(H)N)*)=1 such copies, so
applying the known case of Theorem 30 we conclude that the number of ¢-partite copies of H
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inVis

(1i 5 NV H d* V¢/ ( (H)>(U(H)N)v(H)—1

e€E(H)

= (1xo)NH H d* (Vy(e))
ecE(H

as required, where the equality uses the fact that NV is suﬂimently large. The fact that the
vertex set of V' has size v(H)N is exactly cancelled by the corresponding decrease by a factor
v(H) in each d* ({i}). O

Finally we use Theorem 3 to deduce the general case.

Proof of Theorem 30. The case ex(H) = 0 of Theorem 30 is precisely the p = 1 case viewing
H as a (k — 1)-complex.

The case ex(H) = 1 is standard and does not require Theorem 3. We give only a sketch.
Letting H' be the (k — 1)-complex H with the one k-edge removed. An application of the
Extension Lemma [6, Lemma 5| shows that all but a tiny fraction of k-sets supported by any
given V' a (k — 1)-partition are in roughly the same number of ¢-partite copies of H', and
that the exceptional k-sets account for only a tiny fraction of all ¢-partite copies of H'. A
standard application of Chernoff’s inequality shows that with very high probability, when Gg{;)
is revealed, there are very few edges on these exceptional k-sets and the number of ¢-partite
H-copies they generate is tiny compared to those on typical k-sets. Critically, this ‘very high
probability’ is sufficient for a union bound over choices of V' and ¢. Supposing now this likely
event occurs, given any regular V, letting V' the the (k — 1)-partition obtained by removing
the k layer, we see that (using the fact that £ is much smaller than dj) most of the k-edges of
V are on typical k-sets and a short calculation gives the desired count of ¢-partite H-copies.

Given H with ex(H) > 2 and 6 > 0, let 25 > 0 be small enough for the p = 1 case of
Theorem 30 with input %(5. Given do,...,dr > 0, let € and r be given by the p = 1 case of
Theorem 30 for input do, ..., dk_1, %dk. Let finally d; > 0 be given.

We set ¢ = 2v(H)!, and apply Theorem 3 with input k& = e, (H)®, ¢ and error parameter

o — 6dk€k
= Tou(H H d\el

eeE

Let C be the constant returned by Theorem 3. Order arbitrarily the k-edges of H. Let n = (],Z)

enumerate the edges of K (k), and let S consist of the ordered subsets of [n] corresponding to
er(H)-sets in [N] which form isomorphic copies of the k-uniform edges of H, in the chosen
order.

Let C* = 10rkCk!. We now verify the maximum degree condition on S holds for p >
C*n~Y/mi() - To begin with, we estimate e(S). Let g(H) be the number of vertices of H
which are not in any k-uniform edge of H. There are (1 + o(1))N*H)=4(H) ipjective maps
from the vertices of H which are in k-edges to [N], each of which gives one element of S, so
e(S) = (1 + o(1))NvUH)—a(H),

Given 1 < ¢ < ex(H), let x be a sequence of length ey (H) from [n] U {*} with exactly ¢
e(9)

entries not equal to *. For £ = 1, by symmetry we have degg(x) = , which is as required.

6This is bad notation, but k is only used in this proof as in the statement of Theorem 30, we have it here
k = ex(H) because k also has a meaning in Theorem 3.
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We now assume ¢ > 2. Let W C [N] be the vertices of K](\l;) which are contained in some edge
in x. By definition, if x has two identical non-*-entries, then degg(x) = 0, so we can assume
that x has at least two distinct non-# entries, and hence |W| > k+ 1. By definition of my(H),
we have

“f/%lkgmk(H), SO |W|Z%+k.

To obtain a member of S which agrees with x at the non-* coordinates, we can at most pick a
further v(H) — |W| — q(H) vertices in k-edges of H and one of the at most v(H)! maps from
the vertices of H in k-edges to the picked vertices together with W. Thus, we have

degg(x) < NVUD=IWI=a(H), ()1

< 20(H)le(S)N~IVI
-1
< 2v(H)le(S)N mx(H)

— gu(H)ES) (N1 ma)

S QU(H)‘e(S) (p/c*)efl ,

n

which is the required bound.

By construction, there can be at most gkNF possible sets R(Q1,. .., Q) with the condition
that Q1,...,Q are disjoint subsets of (lyj ]1) Let X consist of the indicator functions of the
unions of any up to r sets of the form R(Q1,...,Qk). Then we have

X <2- grkNF < exp (%) ,

where the inequality uses p > C*N~! and the choice of C*.

For each k < ¢ < v(H), consider each choice of a k-partition V with ¢ clusters whose k
level is complete (i.e. each Vg with |E| = k is equal to R(W7, ..., W) where Wy,..., Wy are
the supporting (k — 1)-graphs), and each ¢ : v(H) — [¢]. For each such (¢,V, ¢) we construct
a subcount w as follows. For each member s of S, we count the number w(s) of ¢-partite
copies 9 of H in V such that the i-th edge of H is mapped to the i-th member of s, for
cach 1 < i < ex(H). Observe that necessarily 0 < w(s) < (v(H))INIH) | where q(H) is the
number of vertices of H not in any k-edge of H. We define w(s) = Ww(s), which
is therefore in [0,1]. We say this is the subcount corresponding to (¢,V", ¢) for any choice
V" of a k-partition which is identical to V on any level except perhaps the k-th. We now
upper bound the size || of the set of all such subcounts. There are v(H) choices of ¢, and
at most v(H)! < v(H)"™) choices of ¢. What remains is to estimate the number of choices
of V. Observe that V is defined by the choices of Vg for 1 < |E| < k — 1. There are at most
N+ ways to choose the clusters, since the clusters are disjoint. Again since the clusters
are disjoint, to define Vg for each 2 < |E| < k —1 it suffices to choose a subset of each of ([g ])

through (IEJX]I), which can be done in at most 2V ... 2N* ™ ways. We conclude
|Q| < U(H)U(H)+1NU(H)+12kN’“*1 < exp (%) ,

where as before the inequality uses p > C*N~! and the choice of C*, and this time also that
N is sufficiently large.

Suppose now that X = [n], satisfies the likely event of Theorem 3 for this €*, S, ¥ and €.
Let I be the corresponding instance of G*¥)(N, p).
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Given k < ¢ < w(H) and an (eg,e,dy,...,dg,,p)-regular k-partition ¥V with £ clusters on
N, such that for each Vg with |E| = k we have Vg C T, let Y be the subset of X consisting
of elements in any Vg with |E| = k. Let Z be the dense model guaranteed by the likely event
of Theorem 3, and let V' be the k-partition with £ clusters on N obtained by replacing each
Vi where |E| = k with V}, corresponding to the elements of Z that are supported on the
(k — 1)-graphs supporting V.

We claim that V' is (2ex,¢,d3, ..., dk_1, %dk, r,1)-regular and that the relative densities of
the top level are close to the relative p-densities of V. The regularity of the levels from 1 to
k — 1 follows from the regularity of V, and what needs to be proved is that each V7, with
|E| = k is (2e, r, 1)-regular with density d*(V5) = (1+ oo, ( ))d*(VE) > Ldg.

To see this holds, fix E and let W1,..., W} be the supporting (k — 1)- graphs of Vg (so also
of V). Let R* be a union of at most r sets of the form R(Q1,...,Qk) (as defined where
we described the set ¥ of similarity functions), with the extra condition @; C W; for each
1 < i < k. Abusing notation slightly, we think of R* as both a subset of ([ ]) and of [n].
Because Z is a dense model of Y, using the similarity function o which takes the value 1
precisely on R*, we have

p IR NY|=|R*NZ|£c*n.

Taking the particular case that R* is all k-sets supported by Wi,..., Wy, this immediately
says that
k-1,
F(V) = di(Ve) + N [ W) = (14
i=1

Toecm ) 4y (Ve) 2 %,

where the final equality is by choice of £*. Suppose now |R*| contains at least an ej-fraction
of all k-edges supported by W1, ..., Wy. Because V is regular, we have

IR*NY| =|R"NVg| = (1£e)d"(Ve)|R*| = (1 £ ep)pd,(VE)|R*|.
Putting these bits together, we have
IR"NZ|=(1+ Ek)d*(VE)\R*\ +te'n
= (1£ep) (1 + 550 ( ))d*(VE)]R*] +e*n
= (14 25)d* (VD)
which verifies (2, r, 1)-regularity of V},. Here again the final inequality is by choice of £*.
Applying the p = 1 case of Theorem 3 to V’, we see that the number of ¢-partite copies of
HinV is
1 v(H *
(130N T a* (Vi) -
ecE(H)
Letting w be the subcount corresponding to (¢,V, ¢), we have by definition of w
> 1(s € Z)w(s) (0 H)INU) = (1 36) N T d* (Vo)
ses eGE(H)
= (1+ 35)NvH) =< H d* (Vye)) -
ecE(H

Where the final equality uses that d, (Vi) = pld(VE) = (1+ W)d*(Vé) whenever |E| = k.
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Since Z is a dense model of Y, we have

pen(H) Z 1(s C Y)w(s) = Z 1(s C Z)w(s) £ e%e(S).
seS seS
We therefore get

(1 30) N EpmestD T d* (Vi)
ecE(H)
=p " 1(s CY)w(s)(0(H))INT £ e*e(S) (v(H))INIH)
sES
=p N " 1(s CY)w(s)(v(H)INTD £ e* N*H (o (H))!
seSs
and so

> 1(s € Y)w(s)(w(H)INID = (14 55)N*H H d* (Vy(e))

seS ecE(H
+ ¢* (v(H))!N”( ) per )
= (1N T @ (Ve

e€E(H)
by choice of £*. Since the left-hand side of this is, by definition of w, the number of ¢-partite
copies of H in V), this completes the proof. O
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